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In e f”l[vmﬁ note | wlw:,s use the wovd “ good”
Which wmeans c Lot af conditions fo encluvle exotic Cases
The explicide conditions can be found in T2 ferente.

Stratificd Space.
tDé'f] A ’“‘l‘”{‘d spaleé  is a pair (X, Z) where X

is & ‘9o0d"” topo Space wnd 2, is a “gooq * portilion
into locally closed sm wmf 'Fulﬁ'llig’ -[vonfc‘cr Londltion_

S.R €z -
LRmk] Frentir condition : i} {S(Ikﬁf:; then Sc®

Cexpl ACwW c-wplex partitimed nte m-~cels is a
Stratified Space.

[Exp] Let GxM > M be & ';qooal * wetion,

1. Sg(M)=3ovrbits afihc attion? Theu (m, Sc(m)) /s
o starified space.

2. 56(MIG) = {516 | Sa Se(}, then (M/4, Salmlg))
is o Stratifiel Space.

CERI Introduce new equivalence Class 40 obtain a part:tion.
Lie groupoid G%M is  oor oy 364 , we have
)
¢ N.g,\,) anol sat.'s{.l;.:j Some Comdlitions.
(Similor 1o Ca.fejog)

let Gx={36G| sw=t@=x} = "N t1ex)
lot orbit (), := tsix) end the normel spaz Nzl Mfq



We olefine o relation: ax~ye G s‘!,aj o Ne 2o Ny
."‘4 &*Nx & GU Xl\-b

Lﬂi ol

N Y,
T+s an q_!qlvulq‘ce class and we call this the S'l‘raﬁf‘COﬂOh
by Morita ty pe.

Morghism
(Def1 Let [X,Z,) ond [%.,5s) be savatified space. A stra. wor.

is a (onfi wmap f: X.— X2 Sd. VS.GZ.,? S. €2, °

» frsye s,
@) ‘“S.:Sn —S. s sm.

[Exp] G3M be a “good" Lie yroupoid. Ther we heve Morita
type Stratification (M, Sq(m)) and Canonical stratification

(MG, Salmig)). Then T: M—> Mm(§ is a stradified mor,

Smooth Structure for Stratified spae eend morphigm

l'_Dc.fJ A sin structure en [(Xx,£) is a choice of max; mal

ﬁ‘“RS Lonsigﬁng gf wmpaﬁfivc Chlvf!,
o A chart is a poir (V,0:0— IR"), where UEX, nemjany
¢ is o “good" Mmap,

tpmk] D;ffam chart con hay,e diffmf ‘" Thats
diffevent fram sm structwre on mf. .

[Rmk] What olpes “3ood"mgan? @t a localy closed
embedcling ond for ¥$e5 , @rsav) is an embedded

subm.f. of R".

e Compatitive charis: Let @:0=21R" cmd Y : V—IR™
be two Charts,



L N=m. Then two charts are called compatible
if VPEUAY, T peW°E YNy and open nb.h,
Oy, O, of ®PIw) and W(wW) s+

IH
Oy —=— Oy H: d"l:feomnp]lisﬂ 3
1T o T4
P(w)

Y(w)
o w A

1.ngm, Sey mon. Llet 1: R"—MR™.
We Soy @ :U->IR" and Y ;V —>IR™ ore compatible

if 19:U—R™ and %:V—R" are compatible.

A s«at:fml space 'tggc-l}wr wifh a sm structure will be
called a oliffematiable stratifiecl space.

Then we consider what's sm. wor. ¢
[De{J X,Y are dc‘{{emnfiable smfifaed spaLe .

f:X>R is sm i} for any chart ®:y>R", 35m §:R>R
aad 4}
S.t. v Q 19
PSR
F: XY is said to be sm if for all f:Y >R,
PF:X—=R is sm.

(Rmk] Note thet in sm m{ we sty F:X2>Y sm if
"3,R"
v all chart s':;'; ‘a"y 9 is sm. But here we can
—
not use that befause in stratified space, chart ¢:yp1
is not & homes but only an embeddling as a lotally cloced
subgp ace.



Sm strycture tells you which function is sm function.
Interestingly, some “not ¢m* function may be &m !
[Ep] (R, 5.),where 5.: § R, fol, IR, f is & Pardition,

is @ Stratified space.

Define #:R >R, 2 (x. 1) is & chavt(globle chart)
So (R,5) is a differentiable stratified space. '
Well shw £: R>R, x —=1xl is a sm function,

1 projection W, st » . [ RY (> Ix()

@ I
»g
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(Expl Gumonical stratification (M, Sg(m)) and (m[§, Salm)6))
are differentiable Stratified space.

LExp] Let M be c sm m.f. andl § a S'Iflﬁ‘fi&ﬁon ofM fofo
embedded w.f. Then (M 5) is & stratified space. AHas of sm
wf con be checked also atlas for siratified space. So (m,5)

is a o(ifferamia.b le stratified space,

In genrernl, differentiable s’rm-nfleal Space is quite wild
avol we should impose various conditions : Whitney A, B, ¢,

Tham; If G3M 2 a proper Lu'ggraupoid, +then M equipped
with i1s Morita type Strafification and Ml with its Canoniem]
stratt{ioation g (mig) are both Whitney B stratified space.

Stratified vector bundles

[hefl A stratified vector bundle is @ Siratified mor
'(J? A= X between S'lrorlif-etl SPG."G (A:E“) anel (Xo}.‘.x)

sotisfy ing




@) VSesiy, d'(s) eSip
2) VSELy, p: A:=p(s) — X i a sm ub,
(3) The Scaloy multiplication MiIRxA—A S @ Sfmfifial Mor,

It A,X have Sm structure, p, Mare sm mops, then we
coll p:A—> X is differentiable.

LEspl Llet (X,2x) be a stratilied space.

Let Az=x«m* and 34 =f8* P“lserz.
Then the projection p; A —>X is @ strotifiesd vb.
and we call it irivial vecter bundle.

G %
§+rati-fea| v-b
4 cratified str, bundle, sm chorts Gg33G
49 HZte.
a. 498 ikt MO (AT 63 ES sm mf
X307
+ bundle
stratified Space ond mors between them > S*"d'-fied vector bundle
l + sm structure (chargs)
+ bundle

> differentiable vector bundle

sm sirafified Spa@ and mors belween them

ﬁrafi{iu,{ spate > sm n.f. *ﬁﬁy
strofified vector bundle dom wecior bundle TR
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