How 1o tell o fiber bundle is 4rivial 7

* Note that e«m-f totul space s iso, we can ot
tedl 4wo bundis areiso (BZE bundle iso. RIS TL:

https://math.stackexchange.com/
questions/1943066/nonisomorphic-

vector-bundles-with-diffeomaorphic-
total-spaces

A Fqn Lm}j exaci s induced by {iber buwndle

FooE=3 B wap We e LES.
T (F) > Ma(E1 Ta(B) —> Tln-1 (F) = --- = 7,(8)

— ﬂO[F) —> Tlo(E) — T, CB).
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@Delovp bundles F—2E—B +to fiber sequence
F2E—B— X , where F can pe viewed as X,
Then To(F) =T, (QX) = [snx]=[%s° x] =L9';XJ=N,6()
S o Srouf. So lr.(B) — ﬂ,[F):ﬁ.(x; 'S a J"”‘P h oo
where exactness is well-defined. 1n facr, +he /anj
eract sequence =3 AE 1§3085:
wg have a  bundle F—£->B

$

we have fiber Sequence
e B2 — N > B— F— E— B

édppl\, o ( W,IA“X):.[S',ﬂ"X]=[Z"$3"J

= [S", Xl=1n
oo =D Mn(B) =, (F)» M(E)— T, (8)— Te(F) — 7, IE)-:p'n [B: R

z . o S 2 h https://people.math.binghamton.edu/
.};3 ( hfa:' CM) Zl ) n Wl \ﬂ“ﬂ_% 2 malkiewich/fibration_sequences.pdf



@ %3l L.ES 837 T Lk 4,(F), Mo(E), Tor8) may
M-\- &was) ﬁeﬁ eg exact-“a1q ;g %g .?J ,,,,,,,,,,,,,, i et

% F, B,EL pointed sets df T(F), io(B), To(E) =¥
pointed set . Poind st &9 kernal A2 R, @Xexactness
A€ .

Bue stion : © A% Vakcher é—%

@ Tn(R™)="7

A 74 ﬁéél#;‘i ! RBAE € xBxR" Bt - L& ivial.
AR E Ta(E) X Tn(BxR"Y) or 3E H,(E1% Ha (8xRY

£3 check Tin(E) %7, (BxIRY) = A Bid m it #e nqt
8Y standard  action 895249 4| BF. % 55.1EHZ 7m k

R3:2.48 4

O Yis u.cave.rm_qaf X, ther T (X)=Ta (X) , for naa.
FA_ T(x) acting on Ta(X) c2n be viewed as LX)
utiys om 'm‘[")‘() ,Whitk (s & vaw:fa“ +fansfvrmaﬁm
Gwn $:&,%)— (X, 2.) , we have
an So ‘F-’ Dec.k(?)ﬁan.(x, xo), SCL I

onol o mor Pe: TalX, %) — Ta (X, %)

For A€M(¥xe), pETa(X, %), We hove
{'&' s.t. -'@'t&"):ol = dx : Ma (X, %0) = M (X, %5)
?)' S.t. ‘P‘?: f .
So d-p =9 Ju(p)



® If G is o topo §rp. then To(Q) can act on M (4§)
by Comjugarion. This snucture may also be
useful +o sce whether two speces are Jometopic

’ ha/onmw Qroup m yht be a tool ‘{:W iua\l]{rg.

@l&t (N\.J) be o Riemann mam‘ﬁabl wheye 5:’5 the

metric. Let L be @ loop in M based at p. There
is 0 [inerr +ravsformation of TpM assoCinted do the

leop: map veTeM *o V'eRM |, where V' is the pavalle]
*Mng«fpvmm‘ion u.lo:lﬂ the lwp cf V.

The hplonom& gmp assocjated to P S & subgﬂuf

of GLITM) (onsistin of linear transformations
associated o a logp baseq at .

( ‘33-;3 ,2. https://mathworld wolfram.com/HolonomyGroup.html 'lé [ 4 ﬁbﬁ
YRARRIZR, it wey be WING ). Moveover, the gif in
+this website is very ool and very simiky +o
the Case 7'f evolution of cigenvectors . That’ wlny
T think holom(/ could be useful . Drawbeck : Unﬁmzl:ar

tools of diﬂaenﬂd Jeometny i )

@ pamdel -fmns{vmutian preserveg Riemann meiric, SO
the holonomy g Hol(m) < O(n).
On an prientable menifold , Holim)c sotn).

X% MMi‘Fuu oy ientOti0On  nhips/mathwordwolfram.comManifoldOrientation.htmi



In Hucher we've kown oriented in algebraic version.
But the -falloWitrj geometric version is ~mare enlighting.

An orientation on an n-dim mifa“ S fiven by &
nowheve vaniching differential n-form. Alternatively,
it's an bundle orientation for the tangent bundle.
(-Fw bunile orienition, see httIOSZ//mathworId.Wolfram.com/BundIeOrientation.htmg

Some L(Se‘ﬁ&' 'ch.'l'.s :

. M is a codimentional one submani {v [l 0‘(’ R"
M is orientable iff it has & unit normal vecfor{c'eld,

2. Complex manifobls are always orientable.
(’ﬁ do: Collect Good -Pmruﬁes tf Complex m:ﬁkj
3. Avy un or iented m.f. has a double cover which i's oriented
(To do : Collect -pmped-ie; cwu'iﬁ spares aﬂ"\‘mpa.ir")
®On a -Fla-f mmi{ald g homo'fopic loaps Jive same
hnm ‘l‘l"mfmmwhan (TPM) (I "u(M, ) —> EL(TPM)
L +— linear tranf.

is o Tepresentation Ur (m,p) | associatel +o

(» What does h.olanoy meagure ? ...

.com/questions/

oooooooooooooooo

let's start from & misurderstanding. One may
think that flat menifold can only™ have trivial

blonamJ. It's not true and the contrmexample is
heeme 3 aumbiAS nftadcme 2IEH
\/ vertex A Loo’)}_ 2:=¢ )

holonamg measures :how many ways" there e xists
to go from o point and come back to i+ The way



+0 measure dif{uences between +wo waéjs IS clasdd
related by curvature. holonomy comdineg +he information)
of curvadure and “opolegy. Actually,the non-rivial

holonemy rf o flo m{f containg the topo rf ths m.{

¥ Further discussion : .
1. There is & surjection Tw(M)— Hol (9) /Hel"Ly)
whore Hol°() is the fully holonomy grp and Hol'(9) (s
the reduced holo. grp, Hencz holo. grp encodes ()

2 Roughlg spul::né,, the smaller the holo. 9’P,‘fhe flaﬂer
the nm.{.

3. holonomy principal: The holonomy grp completely detemines

the existence (or 1on-existence) of paralle] vector fields

pmﬂdﬁffg[wﬁ_d forms$ pamllcl spinor fields .

4. Holo. gvp. of 9 can be used o judge whether there
is o decomposition 94,19, for some Riemannion
meiric 4, 8..

5. Judge whether yowr m{ is a kahler mf
(Extro compatible geometric structure)

b T BT 00 Ref: e %

let E be o vector bundlle O'F rank n ogver a s«.”iciem’
nice , Connected space.
[Pe«f‘] : E (s irivial (ﬂ: ExfxR” where nE—x i the buolle,

X bundle -4 Gtrivial 5 PERRY Categony 43
T Fiborusse hampy cat |
:)Et;:/)s:/ﬂ|nk.sprlnger.com/content/ (%g Z'*tﬁ ?%‘)




‘ Independent Sections: F is trivial iff it admits n sections which are linearly
independent at every point.

Proof sketch: A trivialization defines n independent sections via the images of
X x {e;}. Independent sections {o1, ..., 0, } define a basis for each fibre, inducing
isomorphisms E, = R" which combine into a trivialization.

Corollary (Real line bundles): A one-dimensional real vector bundle is trivial iff
f_ it is orientable.

- Proof: A non-zero section of a one-dimensional real vector bundle induces an

orientation and vice-versa.

o ¥ 4E E Hriviad (01331 - 4 vectr bundle& $
ﬁn)lr :de-t cections Qa i"_l“}l/ the So Cﬂ"Cd

“Vector field problem’
v 2 speciol case T 6d5A% R,

https://projecteuclid.orgfjournals/acta-mathematica/volume-128/
issue-none/Vector-fields-with-finite~-singularities/10.1007/
BF02392157.full

A Tangent bundleof o Lie grp is trivial. (gggz‘).*.,ﬂééé-T

A 2iFiE X— BG is null - homotopy Rizaf g x £ 6y 1rivial
bundle (' [x,84] = PringX)

1. 518 —F mop 8 % null homolopy —— obstruction theory.
{e § obstruction grps all vanish, it doesnt work in our tase!

2. For vector bundle, the structure grp is &La(IR) or
GLa(C) . X is paracompact So we can Choose a
metric and reduce structure grp to On) or Utn),

F8 % x—B6 nul-hmotopy 4£1)3 Hi|
X—> Bo@ (o7 BUcm) & 3 null- homoto py-
% F structure grp Ao reduction Lg% a2 note:

http://faculty.bicmr.pku.edu.cn/~guochuanthiang/QT24/Week10.pdf



A X contractible, then omy vector bundle over X is comractible

A Real line bundles ave classified by Stigfel-whitmey
class H'C X2 2_) . https://www.math.umd.edu/~daylaian/sw_classes pdf

Complex (ine bundles are closSified by first Chern
Closs \.{’-( Bj Z) . https://web.ma.utexas.edu/users/gs29722/Chern.pdf

% R4 line bundle A JA ik A 264, 233 Mrank bunole
g:’ b\-i Zﬂ 'g ﬂ; https://dml.cz/bitstream/handle/10338.dmlcz/128427/

CzechMathJ_43-1993-4_14.pdf

Proposition 4.1: Let E — X be a differentiable vector bundle. Then there
‘ is a finite open covering {U,},a =1, ..., N, of X such that E|y, is trivial.

A https://math.stackexchange.com/questions/4409482/examples-of- [ k".‘ia X\ 'l'ia 1',%524‘)

spaces-with-only-trivial-vector-bundles

Proposition: Suppose B is a closed manifold for which every vector bundle over B
is trivial. Then each of the following must be true:

1. B must be orientable.

2. B must be odd dimensional.

3. The first integral homology group must vanish.

4. B must have the rational homology of a sphere.



