When do we have k- spectral bundles?”
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CNotation]: E(A,M): eigenspace covvesponding to @igenwole
2 of matrix M.,

k-spectral bundles and examples

[Oef] vector bundle is a {iber bundle whose
fiber is vector space and trivialization maps cre
linear 150MOTPhisms,

[Defl Let B be any space amd V an n-dim Kk-Vectsr
gpace. We aall & :B—s Hom(l, V) o parametiriziion

by B I particular, if weve founa a busis fir U
we howve ®: B— Ma(k)

[E"P] @: R*—> Ma(R) (s & parumdr:,uz.ﬁm.
t— e t

c 1
COe}l h-spectral bundle Corvesponding 1o a
pargmety iz oct ion P:B— Malk) is a vector bundle
n:H—>B ever B suﬁtfyin_, that each fiber n(b) is a
k-dimengional vector subspace of EA,@cb)) or some
eigenvalue 2 oA &b,

[Rmk] n-'(b) € E(A, ¢(b)) for some A sugyesting that
dim E(2, &5)) 2k



The -ﬁ)/lawinj exu:zple which we curious about
ore spetial casges af k-Sp ectra] bundle.

[Exp] Let @:8B— Mn(k) is a -pam)ﬂe‘l'h‘z.wl'-‘on
If there exists 1-th eigenvalue of & for V6B c+.

dim E(2¢, )=k and p. L E(2,8h) —B

. beB  Jer A@ch)—~ b
¢S a vectr bundle, then m (s a k- spectra] bundlle.

LAmk]: We can see drawbadks of R-speciral bundle (or
vector bundle)t) we require eath fiber (a vetior spate) has
same dimension whith is quite awful. Because
dimension of eigenspaces may veried when b runs over
B and we moy chovse the minimum dimension of
eigenspaces o be owr k.

2) To frm a k-spectral burdle, at most of +ime
we just consider the cigenspace of one eigenvalue.
Howe ver, Higys budles simultanious consider al

&:genvalues o #(b) ab one be8B.

Although h-spectral bundle is rot very usefu, its much
easier than H_iiq.s bundles and has a sfri@ Criterion
to judje whether a parametrization edmits a

R- specire] bundle —— the 'followiv_lg wel| study existence

a’f h—speclml bundle, We -fars’r -prw;de ‘wo ampb; with
one admit anodl the other docsn't adwmit le-spectral bunolle.

LExp] &: R— Mu(R) eigenvalues | eigenspauies
£t — [. 'L-] = @) 4 R t-0
0! span}) 420




Then we howe a d-Spectra] bundlle (a trivia| ling bundle)
T ’QXS'P’-'\(;;)—*IR} (6,v) — ¢

[EXP] let {¢) be @ continous -ﬁmwwn over R

+h {@¢) >0, t>0
Wi
ff-(ﬂ:o, t<o

Let parametrization $F: R —— Mo(R)

is ?;Ve" by %(t)=—1 "F('HJ
L4t) 14
eigenvolues |gigenspaces
1) . T
Spon [o] t>o
1 IR* t=o

Spcm[:J t<o
If & admits a 1- pecta| burdlle 7: H—= IR, we
must have W"[t):{sm [o] t>c , s0 there is

Span[i] d<o
no Choice a‘f 7o) such that Cpaa[o] an Conﬁnausér

cntract to Span [7]

[Rmk] degenernzy of eigenspace is en obstruction of acniting
o k-spectral bundle.

Judee criterion

Mein idenl a'f this fudge criterion i¢ judge whether
each parf o'I' sectiong exist,




[Construction] Let €:8—> Hom(V,V) be @ parametrization

let Ly :={Cb.AW,3) | (b3, w,v)e Bxkx&eaxV,
A is an cigenvalue of B(6),
W is the eigenspace associated o,
vV IS an eigenvector in W}

Q Bxk ’Cé,.,,,x\/.
MO{'C ?W‘]C‘.‘oﬁons T3, N, N, QS -ﬁ/[w.v :

Bxk xGe,nxV lL"Bkkxﬁ,,, —"—‘-} Bxk = B
(bW, %) — (ba,W) —> (b)) 1—b,

We olways consider T westricts to Ls and write
W(Ls)=: L., myl,y:=L, , we obtain

L;J’—,Lz_’_'i,z_'—m-'-ss

[ Judge criterion] i
f R-specira| bundles} «— { Secrions of nm :L, —B}

Mi Guen any k-spectra] bundle n:H—B.
Then §:8 —> L& Bxkx &,
b— (b2, 1b))

where 2 is +the eigenvalue associated +o k-olimension
subeigenspace m-(b) < ECA, 3(b))

t$ a section.

Given any section §:8— L. . Note that we always
ientify s@) as B, so to construct k- spectral bundle
over B we only need +o Construct k-spectral bundle



over S(B). Since SIB)EL,, it suff.‘tes 1o construct
k-spectral bundle over L, . The cheapest k- spectra|

bundle is My :Lsz—>La, (bAWY—>([ba,w). Incled,
T3 is the k-spectral bundle of parametrizaiion

Ly — Homtv,v) , (bAW)1— 3(p) . Hente we do
a ftestrittion M;:L; ~>SB) 2B which is a
k-spectral bundle over B

[Rmk] &:B—> Hom(y, V) admits a k-spectral bundle
¢

there exists a sectiopn S rf mn, L — B,

To check whethere the section exists, we’ll introdige
o detailed ﬁudﬁing method.

Firgthwe need break tsection s tv twp sections,

Clonstruction] Lets break the section S of L :la—>B

let Sp= IS and g, :=8Sm,, S
Since :

%25 =Smn,S =S°3d=s L. E‘Q/L'&
{ WS = n H.S:,'d Sa, S,

MaS2$ib)= MaG(B) = Suby=d Mo, |, < =i

We break S +o sections af LZeB and n,:L;—)s,LB)

Smndly, we 1wge whether s.,s, exists by the
following thm.

[ <= Picture describe maps s,,s..s;




LThm]

1:4
(a) fSCCﬁO'I.S S Uf ﬂu:Ll-_’B} H{t“ﬂ fun 2: Bk
with a(b) an egenvalue af $b)
ond dim E(Ab),ZB)) a-k}

(b) {secﬂons Sa °'F ML, —-)S,]} cl-:,é i conti sections Of R - olim
Subspaces of E(aw), &th)

(c) {nowhere zero sections s, of 1.2 5,828 }
$1:1

i nowhere zero eigenvector fields for the eiqenbunde]

LRmk] We only need (a,b).
[Amk] n:H—B 7s a h-spettral bundle.

wilb) € E(Aib), 8b)) where A:B— K with Ach) o
‘goed” choite of eienvalues of &(b.

g,
[Exp] &:R —> Ma(R) cigenvalues | eigenspaes
t— T ‘;] = &) i R* -0
span ;) t%0

Judge B hasa 1-speciral bundle.

Section s, exists: there is on!y one eyenva.lue, )
A:B—K , b—»1 s a “jnd"dw&ce of e«aenvalues with

Aim(E(aA¢), b)) =olim(E( 2, $th)) > 1 .

Sectioh 5. exists: 6B — L, €Bx k "51,:.
Sib) ¥ (b, 4, span[o])
is a continous choice of 1-dim subspaces of ECad=a, )



[ ExpT Let f¢) be @ continous funcrion over R

'F('H >o; € >0
pith f-FlH:o, t<0 B

Let parametrization & R —— M (R)

is 9;\/@" by Ht)- 1 ‘F(’H]
Lty L
eigenvalues | gigenspaces
3 () ‘3 ’:
Spon [o] t>o
1 IR* t=o
SPM["J it<o

section S, exists: there is on'[y one eigen value
A: B—sk , br>1 is the good choice.

section S doesnt exists: We need o find & continous

choice of 1-dim subspaces of E(1, &b ):{WM[SJ b>e
IR b=o

it’s  impossible. fanli] beo

LExp) &:B=R’— M.(R) doesn't admit

(W, v, W) —> (U‘ v 1- spactral buwndle
vV W

céctim S, exists : $tb) is a Symmetrlc, matrix so e.:’jaun,l.,g
are real anol we can finod continous A: B2(R .

section S, coesnt exist: Suppose S, exists. Then



by thm there is a continous choice of L-dim subpace
of ECah), @) so there is a line bundle over R?

Cince R} is amiractible, this line bundle over @*

is also contracitible , hemce {t/s a riviof line bundle
over IR Let L=f(u,0,u)|uelR§cB which is the
(ine where e.igenvaluc s u and eigenspace is R,

off the line L B(b) has eigenvmlue W, w and each
associated to a 1-dim eigenspace. The triviad

[ine bundle over R} com resivict to @ loop clse

( which is also trivied, /wby 4o a contradiction.

I we consider &: B'=R-[ — Mo (IR) , section
s, exists and admita nontrivial 1- spectra| bundle
(line bwnolle) Real line bundles ore clssified by
stiefel - Whitwey class which lies in H'(8';2,)~
H'(S*;22) = 2,2 . So this wontrivia] [iwe bundle
wVTBCPOhOhl:j'I'D the un;g_ue, nm-frivia,ldmeni-
n 2. .

I.lec_'] Camplax line budles arve classi fie,d by f.rg-,-

Chern class, which lies in H'(B;2) where 8
is the base space of the bundle.



