e V(S DV(S) = VISSa)
(Vs =V(us:)
AFARY 2 A AR (- Tv148l 2 544w 2200

o A,g alH?"e Va¥  cam bo Writtea as zerp locus 0‘{ '{"“*ﬁ '"a'w pv/s'.

Thats because :  Ais Notherian & eveyy ideal 1 ofA is 1&""@}‘“‘“
h?ﬂi_ita.?- k[Yl, ) %n] 3_ No&fllen'an h.g}
H & AN =kix -, %Y 1008 Nretherian.

ViS)=V(<s) 2V itk plie s R ful 650, R kiu, wmaf)
(87 Sk, 5] Nostlerian, So (5> Gm be fmitely gerersial
=V, ., 4,)
* V(43)=VI(T)

Exp: J=< (x-)® (x-0)k2. . ( x-2,)" >

V(T)=VIAT) = V(E-ay) . cx-ap))

Ldeals of all pelys ch‘ushirg as oy, Qr (With ony srder )

J
offine var, R1Z213§ 32124 P 5 §

S scheme Bd-§ 2 5.3,
VI3 IVVIS) = V(33.)% Ve, N37.) More dusl then sef-venion
VISINAYT) = v i Wuver = V(-a+)
' ) = VIT,UL) = VI<T.ug>)= V(3T +T.) W
as atet ) ) T INVYE)= V[~L)
Tf for x: Tg/gggéf? QURr=7,13, . <UL

2" T3,eT03, so V(1%)2WIN%)
“c" 1+ sulfices to show W3.03.) 2 VTL) = V33,

VEeTNT., we hae £ T, . so fefTT, Heme 3T, SfiT,
Then V(7 03,)2 V(J7T,)



- VI(x) =X, 1UP=JT7.
{af{me wr n /A”} "2’ ‘f“dl'Cal ideals in kE*y---,xnj}
X —— J(x)
Vi) s— J
Rmk:QﬁE Clad.@ag 21y k chsed 73
kA ca(?sa( ziiiﬂﬂﬁ[ﬁ_: PRE- ”:9 sed 7.8 .

J= x4+ | € [Rcx3 V(J):Q. T V(= RCx]. VD 243
Rmk : pn01’ VIYCSX s inlerestivg,

X=V(T) for some Tak(x,, ..., x3.
WAS VIV(T) € VA=V(d] ) wmo wets. JF £ 1)

. k[x] is PID. so Jec krx1 canm on!y be 7= <f> 2 CCx-ak

So V(J) =\klk-a.)...c,,_ar)>) aly ploseq

- T
o UV( (x-c;) > —o Closed sef in A* is a union
A finife Points,

. ('x-aa"")

* {points in /A"}éﬂa { maximel ideals in KEx, - ""':’E.
I¥sa Testriction of the bijection in Hilbert Null thia.
8 a pt is minimal non-empty varieties in IN'. S0 I(a) is maximof SKLx,- %]

amoximal idea s tadicl JEJT = T3
\',L ima|
& {moximal tdleals | € fradical ideals] $RIL T LLIE bijection

‘fﬁ-ﬁ" i'] fpis in A" k.
(\r'.u'.u\.
¢ T(x,Uxy)= IT(x)NI(X2)
I(x, nx,):,\] I(x)tIk)

Tuhe) = T(vif)OVix,))

=IL( VI1k) +1(x,))) RmkdsObtoined by "L 401 correspondene”
= I Prop of \feyprd prop of 1)
'\] T +I(xy \‘/f(-; ot-)

Pt Ce)



z . .
Rmkl: &eomefn‘c Picﬂ,(re, )(u X, QAG; with udea[s
LX)z < xa-x2> and 1(X) = &)

% *l&’%fa#:
X A T(X\NXy) = I(o)= <*i, x>
( 1(0_) S (’ﬁ"ﬂ\, Xo~Q,, =ty Xw ‘ﬂn?)
N A T(0)+106) =(I)UI%)>
PN
XX, = <X x %)

= S, %> ¥ ot
A Steech’ — why I06)11(%) is non-radical? radica.

X 9% 2 s3EEANT B a4d. PRNSH] IR B 3
% o idxfistech REAF Ned J89 xax,
’éﬁ Jﬁ K0 Xa , 7 K vanish, Y5 2 4 venish. 7 IA
IOt L)i2 %3 208 MK 0315 4, (tangenticd 13 8)

18 [100+100) Rradioal 2-32:2 2 +aggential 2R,

o 75 = <o> K. okA 37 44 F Fa. =
One wey +o  Compule [T : V(o) = L(~*)

ckehr @it xevea
WXR & AN AR - kix, ward/yy)

AXeY 30" A= AY) K (x)
AR e, AK) = Ay),

AlX) $5X EPRA poly funcs , 2L - T A B e 4% . £iT
*E\Xfé. 'ﬂff af{. var. ‘f’%}’d’t‘ . ’ﬁ 8y 4ATIF.

o R% 43 Al) ¥ coordinate ring ,ﬁ{;]zdg 2 ;‘z.-l,{ﬁ k- ols.
KExy, o W) /1.(X). Rmk : K closed. A poly. fun, inwt, - x,
ANt 873 43D poy. fun. . i« delermined uniguely bY itS Vake

ot pts ﬁ'l: Var,

e Zariski ya % fAndndt
Ri% 725 $dadn dt % Panad Xy 1Y

AR N $e A S0 84, / ,;;J;]#,& Vere- %)



. fzu"cski closed subsatf = {Clu&all clsal selz
ey, AZ‘”’-M&. pfs? is close sefs.

A= %P : txigL] wot cheed i Ag oad Az b
Cfosad subsets in Zariski topo is yeé‘y srmod (-F'.nit poivis)
open subsets in Zariski topo is ety bg (1433 P xR Housdbrff )

o Dt a_ﬂ: var ig] Bg mor R b&K#ﬁ;&i& 73 IR WD%}, wor of vinged sPace?
R - gy mop ik sy veived , 19.2 8 £4 24, zariski topo %
¥epd sk . ,
éj 2arisk: topo 6 Classical ~fopo :IF ﬁz = 3&“} %szﬂziﬁaﬁi

s H Z0riski 4opo § F 4§ useless , 2ariski topo T 4 # 6.5 classial +oposdh
0. 3 A feoltn % .

honm.r..,[
* adiscomected VIx)UV(x.-1) [ I X=% D% ) XM DX2dp
g
reducible  Vexy) "f" "?:)(%‘Xz

Airr = connectec]

disjomt
*aX is disomectd]eff. var. with X:%.U X , YA EX . Ther A=A B @
- pEs: € (fly, 2 £lx,)
(lz-r Ri=R,viz; , R//‘)I; cFR/l‘)w AK) PR 1ewezenys1
/I(X.UX.) ;A"'y Ix)rien) = Af")/&(x,,x AM/](&)

L A e Y
absX is i iff {A) is 0a integr| doman YT Al Axlx)
[ I(x) (S prime idenl Abr)

#* $5200w0 X=V(0)=VIEi&)= V() UV(L) rd. BH7TE] 235 varad 5T
A Since prime idal s rwdical , so we Rave restriction +to Hilbert null thm

{hm-enpicﬂ ire aff var o‘l" Yi (li, fpvirne. icleals in AM}

o Af{. var. X Given by linear cqus e irr  In particnlar A=V(g) ;g irr.

X=V(G-X.+--- 'l’aan) . So A(x): ktxll"'l 'O\J/<&

Say 040 o
b% limr qu“**, Ka gi} = k[ x,_, v Xu] @S m'f%,m( domain )
BIEF (LR 342 kon - n]

'x' + See f aqX.)



* X&( 2 Iyxxo (Bbijecton L ol X=WyIyX=Vl3=Y.

2 g2id.
* Noetherian space : 24 tilzjl-;i.ﬁf% ul
infivte “‘""“"3 Chain nfivide  fncreasing chain
of closeq sets %o I%) € 1(X,) & o cesible USE DvALITY
Xo2Xe R in AX), P - At Proue

9 4 off. vor. 2 voetherion spate.

o subspace of Noethe rian Spece is Noetherian.
A0XeR AOX, R ANXLR = a— chain of closed ceis inA.

™

XGE X(gng"' X,'_%Xo/\X.Q \(onxlnng

3 X AN%2A0%
x° ¥, sxo“] ANXNX, 2 ANX. DX,
— . A2 AN(%AX,
o) ")\;ﬂg i?m. Mzi)stht)
Diik
+ Every Noetherian {opo spase Can be writtenos o {mﬁe Lk
Y=X, U = UXy o][ non-empfj iry clased subsets.

Assume X, .4 XJ -Fol all i#j) X.) s, Xy OVe wﬁgue(up +o Permufuﬂou)

Existene : 42 R - A4fi %, BIE4§L L T4 EA5 Veetherian S14Kf8.
Unlgueness:  y=Xv --Uxy = X\ U--U X, .
X; < %”g so Xi= U(XNx) wx ier, Xi=xj 0¥ ,ie, Xic¥

i
For some j In the other way X! C Xi v some k.
iskad X ¥,

x3cxaf < Xp % Xi‘-'-Xg;Y\; .
{hm-enpicg ire aff var o‘F‘ Yi (1—1; {prime. icleals in AtY)}
}Renflcf'wn
{)V\aximl hon-emply irr aff var o Y] &L fMinimal Prime icteals in Ad)}
trr cc;imponuﬂs ef Y

U, U,V ;E'.”ZS_ Then YNk | U.—.X (A e A irr ,80 Uirr)

(U,c Uli“% X) (V Y2u, X=YU(xW) is 1.;;9

¢ losed ive
HausdorH nonsense X\UsX so N =x

n Zavigki topo
Zariski open sefs are big!



*aThe dimension dimXeN | {oo} is the supremym over allnen
ct. there s a chain g4 LS Y. S ~eY.cX
of Ien\,fh n of v closed subsets Y, Y, o-f)(
X1dea of this d¢[=?[ X irr. Ave’ closed subsetr a‘f X not equal fo X
should hove smaller dimen Sion,
a .YQ X adimx‘( is the supre muym over ol n si. there is a Chain
cloted YeYoGVi G - CY,CX of irr closed subsets
Adim for af{ vov, coclim om!j de{med fov irv cloged sets
0{ an off vov (ivv sub off vowr )

e X", bemuse X moy ot it

S dimX= dimAlX) , codimy X = cod:mm)lc)':
In porticulor, since AQ) /s fwire genernted k-aly,
dim of off var and codim of irr aff var are alwags fiwite

O AcYX TThem dimA<dim X
avh?oa set
¢ P1x,Y v off. var. O dimxxY zdimX 4+ dimY (dimA": ndimad- n)
@ 1f YEX, we have  dimX=dimY+ codim, Y
Ccodimyiai=dim X ,vme X )

@ osf €AN), every irr compmertt o vep) has
codim 1 in X.

W hat i‘F X is not 3”? X=X UXv - UXe.

@ dimX= max {dim X, ..., dim Xp}
idea : sh.wT(d;szn = Max{dinx;}2n o REASON: olimX 2. D max { dim X: }2n

maxfdim¥Xif2n = dimX2n, ":}""“5 Supn = Mmax fdim X;}

1@t iden b0 irr HIE. f_u‘:[-'.i?’i* dimx " dimXsy,
So olim Xs MﬁX{d‘M x'}

® dinx = Sup {codimxfaj:a eXf dimX is sup local dim !

g_f?;j iden : Show cimX3 n ;’TCodimx fol>n— sup(c.dimxfal)k sup nzdim X
e swr Codimyfajn= dimy > n —b dimx > Supn= suPcod;mxfﬁf

cotimyfal = max § dimX; : ae X 7 (idaty 2 459454 58 42)

* aA Noetherian +opo spate x is sail 4o be pure dim n f o irv
ComPonu't df X has dim n. f w{y

ol—lypersurfme Kis an AH var in & ?ur\e-d;m off. Y wigh Pum-d;... dmY-1

Pum-din Y

X with pure-dim dim¥-1,



21twm: R is a Noetherian -'n'feJra.l domein (e.9. Alx) ofan irv off. var X) .
3 TFAE (9] Ev% Pr;m ideal Q‘r codim 4 n R s W:ntipa,

&) Ris & unigue factorization olomain CTHE -8 & produc
U of Prime elemesnts)

A Tdeal of hypersurface.
rieo,VihcX . then ewqy irr component of Vi has codim 4, te., ey i
a hypgrsurche with puve dim climx -1

¥ hypersurface X in A
DX irv. @ X v,

'I[x)qk[x., ‘2 ¥n] Prime X=XUXa V---UXp

Lix;) S Ky o0t Xin :
codim T(x) = Codim X=1 IC:J') ;(‘;C) c;; J |;r m;
[ 4] 1) = wm s =
KCXy, -,%) is U.ED, i
P:h 2 I(x) [ l KLxv,-»xa] is UF.D
. X) ¢s P'i"CiPG.,;-C-)
T(X)=<fs. So X=VIP . I0%:) = ¢h> ~o Xi= VCED

X= UVeE) =V (F ) =V

Hyp@,«gw{m in A" (whether irg or ved) can be written as a zerp locus
of o siyle poly {. And £ is Wnigue up +o units(ur.0)
Pegree of { is Called the degree of X.

« Dot of regular {uncfions : USX  @:u=k, Vaeu 2f,9¢A)
ReUsCU 5.t @m=Z | Foro, yxe U, . The set of all such ngpeav
funetions onU will be denoted O, (V).

A we write .-LP::FQ on Us " for simplicity. Note that % IS point whse
quotient 0{' functions , NIT an element in a loalized ring.
OBy def we know ZIﬂUa*ai,‘d-.iiL;{ }ﬂﬂ(@ﬁ%}’i 0,98 28 £:3)
4 Whj we need o comple x def ?
What if we def V{jul»' functions as Quotient aF functions ,
NOT Loca”(y Quotient of functions ?

Its NOT useful. -4 : /> K J &L 2R EREy auotient o funs
A&R,19 4 boly quotient of functions BILz
Il

€3 X-Vlxxe - Xax) cp® 5> D=X\V (xs, %a)
Xilxz { X220

@:y—-K ,x, X3, X3, X¢ ) —> {xs/Xq if %eso0

U4 52 a 3lobn| quotiend.

2¢ Good point O‘f vew -, Io(ehﬁfj /Aq 2 M (k). Then X= V( J&M))



ey X2 MeMualk)| rankMedf (since detm=o)
X2
Then U= X\ v 9 - second Column Vvector (*9)‘\‘[:)
SHE ALY §M°Mh5”l4srs+cdumu vector (%) 2(2)
Then ®:U— K  (p[M%) 9 *

X3 x4 | =47

+Ue X, @weUklU), VIv) is closed in U,
opan

GP&_A()(), #+'s not Ol’vious V(o) is Closed.)

Idea: Decompose to small parrs.

M: v ael Feelatl cp=f—: on Ua,
U\ V(@) ={7‘5U0, emRo § 5 f"GUa, Jataxef= U\Va open.
Se U\Vlp)= LJ(U“\V(W) is open.

® @ €(v) is conti,
Pl coiUvkz Ay | wihs @' ({Gmite pts])= JoTpe) 's Closed. It suffices
to show @ (c) closed {or >y cek, It will reduce #o show @7'0) closed,
since let §-co-(, then F0)= ©7c)

Tdea: De ompose +o small ports,

o2 - G
VGGU, JaelacU st f?—;. on UA. U‘\? (o) = {er\l 9‘“—%‘%*0} ={XGU“| 3“(,,)#0} ‘:D(J\){)U.

open in

so U\y'lo) = y U\@7(0) is open and Hits  €74p) ¢(o5eq

eveX el If @lyzal , the @c@.
opew ] (V=X irr so Virr)
(€-@)ly =0 2Us@-9 "0 > Us@-2)(0) > Vopeninirr X, 50 Virr
2::?4 by Closure of U in V

D UobeninivrV, s0 Tzv => V= QQP,-%)"(O) > ‘ﬁ-‘l’;lvn D @ b0

Gaba prncipel : §BAR TS JoUREg 1 7T 1L KR .
A B4R 19 o 4 £4rk 60 Ldlentity 1hm

*aD(HNDWY)=D(fy) ARATER L= 448 Lidinmne.
4 4447 a{(.dvarbﬁf SRR RK T VA, f)

(Closed se:

ﬁl‘fﬁ‘.l-ﬁg U=X\V('ﬁ,-",f - \nv(. - . L:.‘ € .
Dist inguich o pen ‘W*%a,g. XNOVE) = X0 (aves)™= Y ve)* = yOUf:)

a od) o A@<)_F ={ %' 9¢AM) , neN § Aobred mplar fun 710 45 3p BABIRA LS,
A% () sAK) . X283 rgder fun & poly, 2L quotient of pely.

% NOT TRUE for k wot alg closed. e.3., 7 & Al N ) =kCx3 BUT i G%UA;)
Contradicting to (icx) =Alx).



% BF 2 -1 4R 25T BA £ T42RA QL RA.
A2% 1) 3%, U= VOt Xy - xaxs)\ Vo xe), % U=Defy , £ 42 4%1“'" function C (A (v) = Ay
F4B 3% 0 A HARK e §2t 0%, FRLU S 2540 .
% Application: Every regulay fun of K\i(0,0] can be extended to ¢ vcawlwﬁ« on A
Ldea: Decompose 4o small poris, A \fp,9 =DV D(xs) o (o F) EAfX)_)c !
For oy @e (o ( A‘\ho,,,;) @l pexy € G (00x) = gcx,mx , suy

cplocx' = -—" '[ € k[xbxzj X“ﬂ ) s‘w" b" ) Sa cPl X, = -— xz,
) J> 229 “locx,y }ta

on D(X.){)D[x,_)) ;l;n f:: so "34 ‘F; % =0 on DCx)/)Dtx;),

B7 I denti h, thm )"07' fgular ﬁ:ncf;arzs , Mt -fxt=0 on A*.
Se xM, - £, x" on A 1 mio, we have x|+, 5 If nao, we hove x|, , (5TRi%R)
S0 M=znz=0 . Then -F,;-f’_ on ﬂ;:' , ({:.-l:.z-fa on /Az

* S‘i’@pi Show u( D(f)) { ) . geAx), me /Nj (A ﬁéé@zﬂ A(X){)
TSN obviouslg

€ Veoe (D), yaedd), 3 aelaSD, s+. @+ i—; on U, for seme
3o, fa € AlX). ‘
Rimk : We have ocpen cover DPih=UUn . {8 244G 0pen caver%iraﬁl,%ﬂﬂ(‘]éf 4453

542 D(ha) B open cover, ha 3¢ %:= b9, R

U 3714 B - 393 D(ha) cover, £%33% Ux=D(ha). 0 ‘P’u“ hofa bt I
on D(ha)zUa. It's well dc{‘-we‘ becwuse a0 on Uy, hato om D:a.)/s. .50

on D(ha). Beswles D(ha) = D[T-.) because ?q Vanishes on V(ha) angl net
Vanish on Dlha), As 5“5SPM& 04 Noetherian space , Dy is Noetherian,

ANl Noetherion < pace is compact . So Pif1=U Dtha)=UD(%.) has fmite coer
S [y - _
D'{:’::UD(E-,) Hi{%“/avl{:).—. n'V('ng);V(-_F-;')...) -F“s)

ﬁa lf'kg {.5; = szq'j?;‘,...’?"’) i So {_‘” € <_F_a, y e /?Qs >-

£ =‘Pa.'fa. -t fy 'Ea_,
J R4 M'kétwyobalgé’%z}ﬁm%? V2eD(£.)ND(F) - ND(Fa)

sz‘g‘ -.';i‘_"—.:n_: sa’ - P&Sﬂ‘l’ Pﬂaaﬁaf"'*’ Pq’-g:-‘ S -2—
& REeRE.oRE, F

2 wrdisd Tl RAS s vid e (B
€y. xeDla J)ND(H, ) {2853 V(F;) 2.

2, R Lt Pouda, i @‘ | iai rﬁgfgf"}?iuslj#ﬂm‘
{ Pt P & fao, ~ fae < BT89 93544 0.




*Stepa ixaf (D(0h) = A(x)f as k—aé.

AlXlg — @x( 0) well - definec] :
Y — —2,; % "'%.. m AlX)y, i.e.,
F""'-;‘;\ th—-i-:‘iem of 2T st (9,94 = 0 A
fraction Poly funs. D on DB , fio. so g f"- %1%e
> 8 9.

sur-’[gcﬁve,; S-re,P 1
lniechvez lw =0 o DH D =0 on fo):;, -Fa;o on Y= £(3-1- 0-§%)=0
£ (X=!£f)UD(f) Y A[x)

£:0 3:0_ > 9 o

-

. Pfeshea]c > o{l n‘rgg Consists o‘( {a/[m';y doda
0 Vl{”%‘x ,() is a 7ing
23 Yinclusion Ugy/, a ¥ing homo lpv,u i PV) — F(U) called +the restriction Map
9a'risft,2
(1)2:,(¢)=0
2 f,yzid , yuEX

30 Arj nclusion  UclVCW | 6o Cuy = Puy

¥ Elements in g (U) are called sections of F over U
% (Sheaf) A pveshea{ Fv is called a shea‘f if it S‘q‘lis{:es glueivg prop :
Uug,x » Ut szqu; an open cover of U , & € (U:)fulfilling cp;lu,.,,uj= w,.lq,,‘,j
Lor all 43¢ T |, then there is a Unique @ €:(u) st. ‘P’u;=CP; for i .
% Loculﬁfﬁ#ﬂﬁ& shea.f. F(): {cp: U= R con‘”nousf #r ,g_slma.f,
Laco.l\ly const
differiable
Blo bo) 4B 744 sheaf , 3140 const funs kb FAZH, RE e cheaf
F(U) = f @i R constf is not a Shea,{. Considler U=UW:, DNV, =@

P ABEU- UV EBS onst fin € 51 e Gz,

" 251 3lue;n3 prop.

\ .7

(P.: U,_"R (P;.' U["')R
xX—>1 X+ 0
e UEX , & is o preshe on X . R Mg 018G pesheal Ff,: Fl, (V) = Fo(v)

¥ When Uc X'C\Laff - O )= Oylu)
fen Ofen SR By restriction



+ Shef = Colleciion of stalks
% Def: Cstalks o‘F @ye—)slreaves ) Fbea \pr!sheaf on X, aeyx
rhe stalk of F i
&= {(U, ®)| U= X open with aely, q:e}»w)}/,v

(V@) ~ (U, ¢') & Topen ey UNY' s ely=),

] 5"““ inherits  $tructure a‘f kﬂ“c’? "f F(V).

* Elepents of F, ore called germspf F at o (Ux)q = A,

*a:a a,a Func-h'onS on a.:'

¥ germs in siqlks are some thing local functions, 8% bal 125,
e.q. Shea.f af diH'efwfiable {unction over iR, & gem
at o ptac/R allows tv (ompute all the dorivativeg

ut a,

¥ 3022 34K local funcﬁan;' o Toy
Z9%- AlX)1(ay = ff £, 96A 1), fﬁffi‘," f

As a (ol ving, (o has unigue maximal igleal .
P\mk-‘( @,m, a 'F‘“‘ LA {20 Ué‘l:’{lf Iné ; F’\*%O@(Wf’)jk{{t%g)

PE: (Routine check)

0: Al y— (4,
—2 — J‘iiﬁ“l;‘&
,—,3{ " U40c6)

O well de{'med
Trick: 223 btk {32 9.4, -1 Jyz0

%m% = A hk Ua) s.t. A(B,F,--F.?},)=0 in AlX)
\ 2 AN~ R O

L
aepth)
n DInDE) 106) € DA AR, hoso 31 -Fg oo ie, 3o,

smolley  n.by,

PyNDfr D (h)

® Surjective.
For aty (y,9) €Dy 0 - BIRGANERLTES 0024 U;Q.D(‘[’)

ick D(¥:) J
pick. an Dit); eplgp T (ue ~ (o, %) ;

B g #bf iy SOVIR):VIE) 48 D(F)=DIF"),  red 24 0y wps 2 sE2 2% DU
2 (U@ '\-(D({;"))%)




@L\jec'ﬂve

(o), =0 =3 acycob, s+ :Hv L
= 3 aeveod, st §[, o
A GEL b, A0SR K=o on 1otal X
otV iR BB D (£;) 2%, F Oty c V.
& 1\3 zo on X.

V4o .VkU
e Besl ol Ny 1-07) 6975

h(9-1-0f)=0 on X . 2% ‘?-_‘: 3 GAMu«»,

’ ARWHM Spacé ( X d (%i)
S shcaf 0{ rings,
woys cafleqf Structure sheaf

* AV\ aH\ vor w‘.” aways be considered as @ Yivged space (x, Ux)
where Ox is sheaf 3{ regubr functions.

%X Uey will alwys be considered a5 @ V'Ued space (U, (9.],)

Yopo space

male swe {U)opn 50 (9 (F10)
A Mor o{- Yinged space : {jf:x-—;‘{ cont =7 wuLwafeu. )

PEOp), plback = uf ()
B foe ), (w)
“This pu”ins back 53-(\ yields a k-ab ﬁwma

B G = b)) L e fomod

* Glueing prop for morphisms: % pen cover 6354 1 & mor, %) 44 & mor
{:: X—=Y be a map af rir&qea! spagess. fu;}..u (s an open cover
of X st. fly.:Ui—=Y are mor forall i. Then -Fis a mor.

P Tden: W] £ is mor -___?‘b{ IS comti,

MVeely(v), Fe el () pulbock sectiong
f cmT' | -1
W =Y unf'v)=y s w)

conj
—_—
open

OPQﬂ

(2-).[ Pul'— bad: sections ‘FIU; ‘Ui— Y is amor
vee (V), we huve

Rﬂduanﬂv): (Elrany Fo <0 (6,)1v) )= Ox( #9001

A - A\ tmdsetion

Gluting prop for <henes : 31 e | o €0 (F1)

VVAAANAA
& U B Aopen o 8 section



[ MOY beiwem ﬁ-H- vay, ,'5 an ‘n—'f'uP]e of V‘e‘yular {unr.ﬁons
X\ aff var, UEX  Mor f: U—Y are exactly the maps of the form

T2, @) U Y el s X (@00, , @atx)) , vith @ €U(U)

In Par-ﬁculm’) when Y= ’A1 ’ 'FC':[QX(U)

g

o Cofunﬁor Al) is 'Fullj-f\a”hful
X,V ave aff vars, Thee ;s @ bi]'ecﬁon
fmor XY 3 &2, {k-aly homo Al —A O]
f—

IV( Pa‘rhcluﬂf) (50 _ \\SD



J W‘w we need to consider a{f. var as a V?H\qed space (with
structure shea] of TeGular funclions) © Whj Cont we just
View them as a +opp s[mce?

e =N
K
TN YV e
i-{’:ﬂ?—-, Y 4 — ( ti tv cont
-1 i o
(FYos o {770 o Gt
As Zoviski topo spate, "ap % f emti)

’rhey Gre homeo marp}li ¢ .
38 LiBey, Xith ol b 7 Y  @HARZR Aopo structure
STV ESER- L
$A1% vinged spaee mor AL iso (2244 HABY)
{2 iso 0

g .
(g:A(V(X}-Xf)} [« C*, hj/(x"‘—XZ) s A(A‘) :kl',f,:] L_ 1%0

2Py be (L6
L (X, %) X, —>
L"P, s %2) J — [—i’ tAJ ~ sV (%t -x2) 2y

[?\:(X'J XQHXz] — [t"_9 -[;z] E— (1) +— 4’

Im@ KDL SKILT, ie, 22 Lm@d, B

ATy

View fanction as o Pely

Rk 52 4t S&Kmap 8. %4 %

{Y e Note : Need o show
& + we constrycteq is w oy
h

T £x
it outing ch
0 Aproduﬂ' X\(\( ﬁ& umv,  prep [me Routine ecl:‘

Rmk:’ﬁ&*4?.+opoﬁ:l/§@,zla$thf fﬁY-} 2zarisk; ‘h,by, #%u*jﬁ@ uny prop -

58 AX*Y)= AK)&AN
phac) 2 fuly fth w-[uncior, % uniy, Prop. B AC) fR4 - WiRka

Rml: At) version P4 reduced ving £ check unv, prep,



ooWhJ dqt 0]( a{{. var, i$ a fir}ﬂed space iso to zero locus of poly in A" )
new def. ol def

O2LAREG2Y (22 %4 2w A2L09)

D Lonsider exp : o 34 2AME KT B3B(3, (B2 YR it B 4635175
Tden mﬁq*ﬂ k‘" wr., y‘g g AZALY) . AR _{,mmy goneried reduced
k'“,\j R, ERY4BLDQ, 4, . *E. No wilpetents

8: k[x./..., an_>R
F——— faana,- -, a0
Sur. 1o X
J Surg., so |<[_'u¢) x]/k

er& ER,

kerg is radicol , beause R is reduced
R reduc
('Fb*e-keg > 'Fk(al)"v an)zo ':‘—?Cﬁu ©2Qn)z0 éfehg)
Then X = V(kery) is an off. var. with Acx) =kt Y10 =R,

“d
Different choite of Jenerators can get different off. var. x.

But all these X has same coordinate ring so they're
all «p.

R=ilt). Choice 1: R= <¢> Choice 2 R=( 4,45 45>
P: KLzl — R O:kLu,x\,x3]—>R
F&)l———J fce)

+—— {4349
kerﬁzo S0 X=\/(0)- A’

"ef p: <X,"_7t;) xf_;g3>

D:Hmk——f" X= kerp) = §

13
LW, X )| X e
af{. var. c o l'k)

1So to W.Buﬂ'i’.s n K‘
% This example shows

fﬁ\tf var. }/,‘5 o lj—is [ {inifg\/j yenemfeal md k—abf/-'So

X +—s Alx)

\/(ker p) t R
where  f: ke, -m3-R
+ +— flaw-0)
®y:+)0n ave Gomeraiers v{ R

4 A(y) = UX(X) , When we do not embeddi(lj)( in A" in our hew def,

4 X aff.vsr, fe Alx) , D) is an “H- ver, with coordinate mg
Alod) = (g, (o) = Ur (D) = A,
In particular  ACAN\0) = A(D) = AC K), = koxd,
10 '

A"
* 44 open \U FeA 2 1t aff. peich D(f;) Cover



pf. Tdea: dw xt +8do-ift, 4B DHEX A B X 28 $ ER zero Lo,
Lot ¥ =V(t{en-21) eﬁ:@’ tHe-d=02 t= 2 > Y 8 pihress ik B1& G =ph)

Yy 52 Dhiaff. onr. S t=pd,
aff, v, 9:Y>Dfh I DH—Y

P o x X = (% F5)

5 MAN\o ig pot aﬂ. Let U:_A"\g) X= /. Assume U «ff. vav,
AUFGW) = G)= Ge( &Y = Uje () 2kix0] =AX) 2 X =0 e
A4q Aok veyuloar fun Rt 2 B A

. MM;{,H = Lacwu\j Euclidean
Pfevavieiﬂ? Lacal!j af{me,
Vg

Ringed space with finite Open Cover lfj aﬂ', var.s |

Notg : Drevar'.cty B9 iﬂi:}Q,«"z}A finite open a-ﬂ. cover , Ap open cover

23878 pre wriety 63 duta .

% Dpen subset of af{. var, mMay not be aff. auy more, but it can be
Covered bj finie off. open sors D(f;) , se i¥s a prever. .

o 8- 3% prevor. A g2k 43%) prever.

§X‘Iiex be o set of prevar. We are given V)
e 'F‘-,ji Uy —U,; s

13
) 'Fj,i - _(:_.’-51 (b)Ui,'J ng;’; (Uylh) e Uik and fa’,lg°7ti.:) =‘f;,k on U.',jn‘lr'

a~ g0l SF f.0)
& {I;-Fl_i((l):a *
() : Rt en o, _thm Z’Fm{:i(ﬂ‘) J /;é;éi&
2y aﬁ/ﬁé"\‘i
(o) by RBIVLA o {502y 4_3‘“]3&%)
We con struct prevwiefd obmine.dlgj glua;U X; al°"'c7 the (so {'.J X3 {.Il-w:a:

1 - .
C )As Q 56,1', X—{Pfxu/f\— ] G~ b & i{‘j, b:-r;’-(a)

1.gxi {or all ::gj D.n&l

y

i (Yink)

a~ 509 1(-3(‘") ~ F'ak ](ijm):

b) As a fPpo spue , it's defined by Quotient topo, e, q.:x, —» X
UcX opéen & 'Zi-i{U) open m X; for ell iel

© Asa ringed space , Chlv)={e:U—k| 270 € (O, (2u1) for oli f
Toeq: EfR E@M E-43pEHEY

o prevar is Noetherien | B Noetheriun smeﬁb}ii‘é'i’.%rféi.



«EXAMPLE:  Y,=Y,=/A'  (),,=Us, = A\0
20§ Un o Usi 5820 Red 20 @] Mins§ 3|2 X .
Choice 4. JC; Ui U, , x—%

'ﬁ,fvxtﬁ_ & %A= '5%,

U Uy Glue »
—_—
n@eF X= A Ufool
:/Aﬂ.u ,Pﬂ -
= [p'-‘-
More m.lls * @ When /A - /A1£ ] X=€ Ui} , real pts is a circle.
@z~ gk RFEAR [x, 13~ [4,2]  LEpPLé B3 ¥ M58
v °
icadi (uein UL-F romors: 4.4 2% & X X [ Ry
Application 0{ Sue'J Pvop to ' Z\]L._'s X—=X < m&ix‘_,x (—?,a,
gXu-—’ X,_, x—) X 3’“6 4o o wmor x_;X
Xl“9 X,/ X— X
‘;ITMDY% X— X ,XH';'E (g"", %:o) X':-Ai(j{o-})
X, = X2 52 Xi—> X2 X — X
o RER @GR D0l g 445
(0)5, (o), = (o9, (@i (00 PAX ¥ 458 @ (o)y, =00 fiikhd: o0, ﬁw)m'liqac.,-g;
a9

wai[e 9), 8 7[: U, — U, X—>x be id.

x &, o

1 ke —— ——  Wson aff line with double zevps,
i '
X, — XX | x> Xi—> X, ' X, — X, *Q& x_,xsl:;'"m.&. Xy — X (B
{ ! \Z S xl.'-)x ?',&;)

X,—YX, & Y, g o O Poxi— (%), = (%)y, "X:(-o (% (), =(x),,

(O —>( Ok, v (0 (9,

B ?fﬁi ' 53/157(;‘}’%((‘[%\_ gt mor P{i&fi ,j‘g '; Zi‘—}

« What kind of subset in prevariety is fmwmg?
@ open subsets Of preVey is prevar,
X:l:J()(; is aff. open cover, uex. V-U x0U

' open in é ‘f{
open subtets of atl. var X;N\U is Pwar, 50 Uis prever

Cas & finite  union of prevey)

UU (V):= (9x (V) is niceg Wm‘kd, 6c(hase UEMUZMX mens VE)(

@ Closey subsets FF prewar is prevar, :
(L epey c°f£4 l
Yg“)(_ C?Y(U)*Ox((/)/befau&‘ UeY¥e X doesnr
meon Ug X. So we d;{'me

G )=fe:p- k| Vaey 3 aevog)(, ¥e(gv), "‘:“"’"U/’Vf
A mgu[u -Fun on anopen sub set afclom! cubpvwm Yefa anar)f is local(lﬂ the restric tiop 5‘: o mdular 'ﬁl«u on )(



® Mix opn Mlcbsa(m_ay nst be a fnzl/aﬂoy
Uz AXP\) (), = fo}

X=/AT

o Proolucts of prevars ;

e pewn

C,vstcl

UUUs |y, | FE 2 d b o 2tz afl. e coer 2,
T 2 otHE R Ak o ver cowr, @ 0 TG

24NEY (sTEE 7L ER)

¥ BAZ R glueing R procluct, F4F 5 B 84, A = Bik B Z LG prochact

S Glueing L k. 28§34 B0 A univ. prop. Y product B ¥,
aproduct of prewr Xand Y @8 @ prevar P B R wiv prop
$x
Z:

P2 X
" \(\ﬂv\l

Y
8 Existence and uniqueness of products

* Separute : Ho-u.sd.orff nonsense ﬁéég-';b#;'i,

. . o
A lnruition pictwre: ) 1, Classia| topo , Housdorff & 4y cSs"‘X")(
In classical topo we use k42 izl

b

iy aff. line with double 2eros is not sep.

X:

XxX A 47 zeroes C0,b) (b,@), (a0), cb,b)
AxRE (wa), (b 6) | B M Ix R closed in XxX

12) Separate means every sequence s ot most one limit

hl-i:: (xn, Xn) :(a,b) & oy i,ﬁ_.eq 8y A closed in Xx X

S ¢~ fpu( 0348 T2,

0 Def: A prevar X is called & veriety (or sepororeol ) it the diuoma; Dy ©



o - % oy 69125

Closed
1) aff Vars are vars, Ay = V(%—s,,x,-g,_)...)xh_ﬂn) °§. Xx)

((’h:l')--;*h)l [y'l‘") a'))

127 Open and closed subprevars are vers, called opey anl cload < ubuars,
Yop_c;l )59“;*7 Y is peoars> Yx Yprewrs 5. v,y XU")( d
1dose

or
cloed Ax
= Ar:%_'[Ax) is closed = Y is var.

(3) A var of pure dim 4 is called curye
of poe Om 2o is called syrface.

A pure dim closed subyar Y Q_)_(_ with dhim Y = clim X - 1)
then Y is callel hypersurfice %
4 'F/jx _)Y wmor o{ prevars.

Prewr oy
(&1) “The Jm?}z J},::f[x, fo) [xex ] is closed in xxy
By Wniv prp of product, tere is (f,id) : Xxf = Yx Y

wor 1\ o Xx Y & [/fj\(" Cxy) > (fed,y)

X}: (‘("/ lu)’l (AY) C(osedé] Conti

(4'1) The set {;(e.x; {:(x)z'j()()} (s closed " X
?j wiv prop of product .9):x — YxY
’Yf——)(-fﬂ,Jm)
The et equdls 4o (£97(ay) is closed in X.

(5) x,YC /A.‘ are pure -dwm n.f{ var., 1hen a.ug or Component

of XNY has dim ot least dimX+dimY —n.

th Rez {74 pLoads! v 4tk E 8T

il 01' gclive Voriet L£Caxe, - AXW)20 &D £0%5- %10
o Intuilive piciure Progciive ) Rl Mt iR $FE YRR F S 7Bz

4 -
D X afl vercoff. space X' | prej wor = §%44 3 8985 C proj spaceP”

@) P" 4 veckspoue Kb L - dim vect spaces kR 69 set . D=k \io))/n
(37 [e,0,0] & (P" : show a mov well- -le{;nd a3 w3812 chetk .
ARHESL B 3%
“4) ¥ ook 3, locall #hik : ~sf aff. var, 432 ‘7’“"3 14 vor.
gbbd!, Wik pro}, var.
projective var. 047 include o pt 7 Globol & P F "4:3



A X2
\ " L2, =, %3
Y )

\
S oK

" I\ N\ M*
\ N< \\I N

(o,
In &, solution xxz~1=0 ¥0)

aoes'h [
¢ Solution 1, @

P TRAIREG 47005
PAY ={(1:7(|:--".Xh)} U{ (U:K(:..._—ZK)} :'A"UIP"-,
12 Ml SeR L
oo ‘ ,f,,, g = prhnt lfisty
Clo

LR
A P" indudes @ 8978 &

solutions of fhr, . %)=
° XyX) =0
RIEH i
o CcCco P o o coco L o [
AP

Vath , £e crx, %y Ve ()

(%) B Poj var & 403 @ pt, i Py wrt HFBG AR

PX Y S D" are pr) vor. then  |dmXNY 2 dimx +dimf - n

1B)ao % Y SIP*, dim X=climY=1 . 14122, dimxA1 30 %Y A2
3% Y, Y B4 @ -1 ofl pach £BIAK

x:{(i:o:x;)} [im [I:O:X3)=[1M (f,:o:l) = (o:0))
\f . X200 Xp 00
_fci.i-zx)f QL(I:I:x;);LiT”(iL.:J&I I).-_(o:o:\)
7y Rmk: B htok x (I H& L B HGLE P ¢L
Yeoso) AR5 pedn

= L-dim space

x Y

N
Its not true in aff vor A*P&ET L-dim off var 3 )LRE

¢ Graded ring R:@NR,. 2= 4 G4
{'F €Rd) JeRe > £9¢€ Rys e

elemenis of Ra\jo] ore said +o be homga-eau; of deg d
Ekp: k [7&;} ...)’(u]: ? kc;ro'...) "“L

* Homogeneous ideal : speca| ideals in homogeneous ring
A Intuitive picture: It wmust contain non -hamog elements
e iy AL = ARLeT @y. J=<x*» aklx] x(2+x)=2x% €]
idtllf ; hou-hw.,j‘

ADef: Anideo| in udraaleo( ving is called homggeneous if
it can e Jenerated by }Wnogeneaus elements,ie T=<t, -, &3 { howog



¢ Props -far homo  (deals

(4) The ided T ¢s homo ifF vFeT with home dewmpos;ﬁm
{:2.& we also hove f4€J for all d

Ph=> Lef T=<h™ €T > 4% hmo % £=29'h for some gieR
. . H "I
3:3,'“9; be homo detumposiﬂan a{ .9" then vledrhe_ d pari of f is

fa= = gl ) o uR 38 feT
T
e +degk = of
& Caim T= <hg : heT, den >
‘S yter, + un genernted by {a.
2" hy €T, VheT dey by assumption.

(2) 7., J. homo then 3, tJ:, IJL) JN7T., 4[3—', are olsp homo
Pf: Tt T, =<T UL <s also ]emmfdfy homp elemerts= J+7, is homo

(R RR=%4) TJ=¢ ‘-';3.1 :h;,g_,. !,3,9, 237,789 %24dz>=> Tl is homo

homo

For {226, el f4eT by, so 4eTNT. = TNT is homo
-P:i_":de,ﬁ; > (Fot-14)" = _E;‘(- (terms of lowey df?'w) € J,
By, £'eJ, = fLef5 o

F- &= f o+ fu lies inJT, as well,
l?] induction we  have 'fo,'ﬁ, It EST, =D T is homo

B3> Graded ving g9 s V388 graded . Rir =® Ruf
J 2 homo ideal ia " May)

M wrs Vf € R 31 decomposition F28, Leruns
A4t F=5fqeRr induce , 0f3 44 ; ;4 T= ;.’f* < %ﬁ

= TJ homo . _
E-Ht'sq) = SH-2 =0 = Efﬂl'.ﬂ,,q)e:)' = fu4-eT :gq-_-_gq

AVI’(S) : prej vor. Sc klxo,-,%n] o« set a‘f howo P°{,‘/5

3 Vol)= | xe "] fez0, Y homo + €7}

<$>=F is homo ideal . VCTIErg

AVE, - ¢ P £, - ¥ ckCxo,ux] homo [inear poly is & linear
subspace of P"

A Iv(x) = <'FEk [Xo, s % 0] LDMO-‘ ')c(’r):a VxeX D> is & homo idteof in kfk,'*"xhj
AExp aF subpra“], var. (Cgag FAg¢)
Y=V(%txtxn) R
Vr(-Xh Kzfﬁz.) = \/[xo" %t X, _x;+7r,z+;t:)
= V([ Btxax ) —Ex et Extent)
M—*—w——l\v

]
-2 20 = = =
By {(-—l:o: 1), f—(:l.-o)} Hane K=o ov x;=0



* Cone  1nmitive picfure :

) Va Gy B2 W(¥+g-2) Chy
Cone cp™" 2P
o wegses -k B ¢5175)8
Cone in /A

() .o 22-x0 € CLxo, %, %, ]

/A;m" ol

’ J a0
cC——" -

“____><b /;. ) X2 P

REE5E M 4 p4cone -x
Pty it conek 724 5.2 y(hy Vo)
C,olL Conet 5 % fa 4% BelfAr
¢, d,a,b 6824 L) BH4Y

b4 BA%

s Cones  any projection

b origin (eX
M' ' 2 Cone X {a union o{ lines ‘Ihrmgha VzeX, Aek , AxeX
Def:

——' T /P\'"'\‘O‘—ﬁ [P“, (Xol "*;Xr‘) — (%1 --- 'Xn)
wFpe a cone X</A™, we call
[P[_x):: ﬂ( X\O):{(K,: Aoii%e) EMPN ,(’(e,"" x.‘)exfgy)"
the projetion of X
() for & projective vor Y £P" ,we call

C(Y):: §9;U ‘T-'(Y) = {Diu {(x")"""“) l (o 1 %) €-Y }S/Aw‘
the Cowe over Y

e E.veg cone has the form Va(S) for some S CKlxo, %] aset of homo poly

Eveny off. var. has form Vi (H) , HC KCxe, = %]
&‘a:'j Pro'], Vo, has fo»’m V?(S) 0 SC—th,,,---)’x,,'_[

P{:(= Sckbxe, yxn] & sot of homo poly ,then Va(s) is a cone
for e\j xeV(s) = Vfew(s) sodisfy Ffeozo 3 Yiek, F(?\-x):?\“"{(x)u,b’{élﬂ.(s) =S axela(S)
= Jet X be a cone,its an alf var so we (an use tools inaff vor

Shaw X = \é(S) is equiv to Show Ilx) = <S> is @ bhomo ideal

For o.y .é‘g:[(x), F;%NFd L wdog, f.\e_]_'[x) (3'/ P'°Pv‘p homo (a/«z()

X isa tene, Se Vhek)Vxex) AxeX By {'-el[x)) -F(?\x):O,
so fx)=5 fulax)= = a“ﬁ‘cs) =0 holds for V2 vx = futmzo WxeX DHeI(x)

o prop: dimC(X) = dimX+1 , X €P"s a proj. vor.



o Tmns{m’m & projvor 4o an aff. vor
(E‘F%% “'—Ig’ﬁfz'ﬂ CCr*ojvav) 4{,3:} a.{[ vor. _*‘uleﬁ)
B;je“mn: {Cones in /A"HI ‘(1—39{“{9(0]_ vors in ,P"f

X — Plx)

) e— Y

PF: Tden: We've known forms of coes & proj. vars !
V cone X S/A™ | Xz Va(s) for some Sc kLo, -2 homo
{Canesf — { prej Vorf — { cones?
Ve (5)— V,,(s) — (s) 4f,‘l\.-ue.n\+,
PC Vu(S)) C(VP(S)) P it

fP""'] ver] —s ftomes) —s {pra. vor. }
b, (s) —s Vq(s) — V[S)

C(V"(S’) |P(V )
* &7 bii ec'hm ﬁ?%:uﬁ F4fah B4 proy vor. 2414,

(1in
Wl&n o lne m IP 2 equivto @ 2-dim Vecspate in A

X \r line in p>: Hix
Xo=0 % : 0. 2-clim vec space in R

24
%o i

* BRA prop var in P R RiAt, P 5L 254 £ 09 A b a9 4 2kaf] vor. — come ¢

* PYo] Versin Hibert Nul[ thm

A Only difference: ( Irve levant icteal)

0 0RE /4 mlf—la on
Proy Var in P« b Cone in oL R (028 A™ 63come )

o
S Brej_velsion )7\ aff. version of
of H'-lber'l' null 4hem Hi(bert null +hm 15’&1{*1, I@¢ fc‘dealsf
special ideals
W kix, -u,x,ﬂ} % I@ 2Xo, Xye ey 20
'"07 should torrespond
to same ideal

Jen BIL AR off. vr. 63205 HN3FY L0)=<xe 2 - mOBAL 2 E A pr. v b 2287
th .
~_e{; The rodical homo ideal To=<xoyxs, o xn> is called the irrelevant (deal .

b Proj, vevsion Hilbers Mull thm
®) For any pro]. Vir. X<P" ,we have V,Ir(x)=x
b For any  homo ideal Jg kCxo, -, x.] With JT X To, we hove LW =

There s a bijec-ﬂan

. . mwz a1 homp rodical ideals in kcxo, a3
?Pra]. var. in P"§ &3 {n” equal +o irve levat ideal }
X — I (x)



'P{:‘ VERY useful bijection for hclpivg Consider proj. war. :

Proy Var in P" 9~ Cone in L

Elw LL\ aff. version o’f
hm g

of Hilpert null4  Hilbert null +um

special ideals
n k[x.‘ ,'.,x"]

should torrespond
:':7 Same idea]

Should
be same

- -

Claim: 1) Xxo0, Ip(P(X) = Ta(x)
(%) P(V“(T)) = VP[J) we've proved it ! IPV'A =YP .( -i-‘iﬁ*

Pw@)=¢ obvioug |y

If the claim is tvue, thea
P44

b for e X5, VpIp(w)= Vp I, PC () 2V Tl = PV La) = Pclx) =)
Xz Vplp(X)= $Ip(6) = h(kloox]) = 1ol
o foror: ¥ homo radicel ideal T with JT %10 , Tp W(T) = -:[f__'PV‘lJ = ~alk J""E

F;na{lj, -Pf for claimt):

tg“ V‘[E IP“P[X)) , Fezr=0, VzeP(X) ) -F is lloma/ hence -(-‘(';lx):o’ Vaek n Fxe [P(X)

Besides | cone X0, then PHs&. So fs4okde With £ homo, fcod)z0.

Since {ﬂal xe P(X)I 2ek }Ufoi = X , we have .((,‘;_;,) preX. So feTa(x)
J 2” Vfe Ta(X) = { 4:"7“‘“ s> Halal)  (Lalx) is homo i dezl )

"F(x):dz;..’"'&(x]:olvﬁx(fE'I. [x))
mm'xfw
"—‘9 f:zo0, VdeN , yrex = ‘&[?):o, Vdew, ZeP(x) (xex)

with fd homo

= H L (P0) = +Z 4 e 5(P1o)

o some differences from off. case

@) Prop of Vp and I, ave same as \a and Io BUT

I'ch'nx") :In wi, iﬁ-aﬂ xl"X&’Q

“3 X Vpte) | XY then X, AK=g and HEO B0 [anee = oo = <oy 3>

2) Ye P", coordinate ring St = ke, ~--m:|/1,(\()
Can NOT be viewed as functions on |
(hvma coovd B1b 0| B8B83 )



o proj. vor R/ V,(3) A% F zariski Hopo, 2 2| MiEeq
p" is irr of dim-n
Prop : {Uk b, is an open cover of opo space X,
then dimX-= sup {dim U.'lie:[f

we hove open cover [P"- (') Dex) | DexiyaA', so dim D(zn)=n.

izo

Hen ce fj Prop olim Py

o RAIFHAT proy. var. 825 AR o BT HREG 1R Fiz Rigane

ade homvg nization#ite) : V homo fekexs, %7, delramjn:zaﬁon £ i=fore=1)

(V hsmo ideq | Joklxo, w3, dahomgeaimmn ideal T'i= (£ cc73

dehamggenizaﬁan is a ri:zj homo ({3)";{73i and F19)i = £1+9°

Xo )2 o,

> homo genization (%24 - { V4 e klxe, -], homo genization £ head f(2 - x”)

¥ 3J < kixo, - w%n] homt_vjeniza‘tion ideal T= ¢ £h . befeT>

hnm&zgenizmim is not a ring homo GR=1"9" and (f+g )2 thegh

B = D) c—P" A3Tidtadt
} = #-4%°32
N RVII) Z Zariski 4opo .
Chim: (1) Y CT) N A" 2Va(T) T 8K Lre oo ma
) Va3 = LITNOAA" Tgktre - xa
(Wore that  A"=Dx) —P")
1§ the caim s trye , then  zariski close Va(J) i¢ olse
subtopo closed U(Th) NA" . Subtopo closed Uy(z)/A
is also zariski closed ValT’) Hepe +uy topo arg same.
pf fr (3N A”: PN A = FPV,JJ)/) D (o)
g x=1
;?'Lfﬁ:—I:\" fi»‘ LR = ’- (% Xn) | (%o, - *)%n) éV“U)}n D(x.)
! = LEF 2 >
I"‘P‘VA' YP" i(1'.'\'1:"':7('1)] (1/ﬁl;"')7h')6‘/¢a);

S e )| (5 mmg (g f= w(7i)
Vp[ffh)/\/Am - {(x,:... %n) eIP"I Croiix0) € (g b /1D (o)
= (i o] texens el (7 f

= L %Ky, e h
{@'I) )'Zn)epl V'F(x'a"'lh)éj, 'rh(x"z‘/"’%‘l,f,oj

= { (9C|J "0 Tem) e/Aan‘(: (5, =1 %) GJ'} ‘Fki-’- 'F("IJ' o 7‘")'—06
= W(J)



¥ Geometric picture of hom?je}tizaﬁon & clehommgen ization ?

Why we need these Hools ?
() & C () %68 {progvar in P"}5 { cone in A {2 id] &g bigection

ThH T* CEH orj vor in pY1 S fatf var in K} 2 ]85 25 (12450
A
%}i pvc’ vaw, Q?“('f’ﬁ‘@

/V uﬂ puvi D('Xo) = ‘L‘

{P"’J VoY in |p"f V,(:r) V, (1h)

‘ PW.] var. ﬂé V‘l(:’;) Vq(l)
of part?

v -

o) NA = V(T) a—~—>1<

Val3) = YLTN A
> Q(H

PE: e’ oh=« C/’hi(PéJ:ﬁB}

= _FB)I\’ JEkE‘ ..... aXuJ)
™ U‘«.,ﬁ, Sy ThE R L = < fhgh| gek
- €K, %] )
R AFE;PHATERR T=<f>, then Jh=¢fhy
BER. < <ehy
© 238N B, 22045 § 140475 £FRE 27 ¥ e, red’is m ideal
FAPHAE: T = <xa-x?> SKE %] T (mAo-xt ) to "€ T" then <fh>sTh

V() s —f Dlx) Fidpd i (3) nzab g 364 P RG] proj var,
Vol T = va(7) v Leio: 13

Xp =1

Observe that l-m Li:xixtd=lim [h:%:1]= Lo:0:1]

e 2ahd EBY S Ry
Vp(jh)z Vq(J) U
MRS 4 £ T 201 5 B,
\_/ =FACK

Ry Tecxon-1) gkCx, 2] T = Corory - x>
VP(TH)= ValT) U Co:oaJ yLo:1:0]
\"_—\_W

Xo=41 Xo=0
imq Ct: %: x,] = {l"] [xl: :';':-;a] = [0:1:0]

‘x'm O:%:xadz lim 3 t‘- 1] = CLo:o0:1]
x:-'“

Pojve. pastaansy 2 £¥ a2t £ - 18



» Avother application vf homtgen ization anol dehomojemzaﬁan;
COVnpuiaﬁon of the projecfive closure

Intuitive picture : (1) # proj closure 1M F se4dH L RH
5% % po sk GOAE HHEA TR ALAL

BA % X closure B V201 A oA BA S

o) k@ VQ[J)G/A p" #5’\ closed, 12 |/,(:T"} closed, 34 R
rho - 'L’ﬂgé

PfOP:(ComPui-n-Hon) TIKEX, - xl  Consider X =Val) €A” = P)
Compute its closure X in P"

(@) X = Yish)
b 1f I=<KF> fro, then ¥ =y (fh)
P .,
[= :.V.(])'JVP(J"‘)/\/A" < W(Th) . Vv, (;7"')4(0;90(, I Ycu(;ﬂ)
X— c!oseo\ so % ._VP(I) for some I <: kcxo,x., %)
WTS V(TN € Wp(D), i-e., wids J7i 2 _1'

Vﬁé]gk[x,,{h,..-,xn] isan UFD., S0 = :\rp/l ST, h’f"é%.
g2 h:d2 (W), hamo

%%3-\/"‘1) ), we haVG 3(7‘0,){., > %Xn) = =0, V(Ro,’h, )Xh)"x

TIn porticular (7 %n) 20, V¥ (x, -, 5m) EXCA,
i-'e-) 3' (x., ,’(n) zo, V ("Jr., o¥Xn) ex . —Xoh
K=9z00n X, so AeI(X)= IV«UH‘
Then, 3 nem <t (k)" 3, thus () e gk
((—h.)n) /[f__((hvyh :hn GJh . So cjh': x:us/LnEJ./)
Vs viv:, homo Hence 9 5‘4/?" .
b)) ® T=¢b q \]'h-“<1"'7 %13

* X is h‘IP.-,rsufface n IP", ]_(x) s -prmzipa[ .‘dea'{
Cloy: Yoz XOAR i ‘lYpersur{aae in N L0 = <9>
X=X = (L[Y)") (<3">) 2 LX) = <gh>

o Way: Ip(x)=1, C(%) wher x& &. Tp(x)= Tafci) = <f>
AUt (P") = PGL (n+1; k)= GLinn, k)/~ (A~oA for 2eKT) (it [A3-08]=(AB])
LT AutCOA") = GL(, k)

'0-“%,\/ acpP” I Ae Aut(P) | st fda= C1:0:- 3 Csa'mpli{y Question)  (autceh RAHER)

.pro'] ver.s ere prevars, (proj wer. 24 4lobal description Bdpre vor)

A Structure shdbf ue X A f‘e\yu{ar fun on U ¢s a mop
@:U—k with the ollo P e

Wl'w Prop : For every aeU, there are
deN ond £96SX)q with Fix)zo on open Ua 22, st

wx): T
L) 'F.[x) On Ug.,SU

We construct a sheaf of reqular fun ( Locally clefined, so it's @ shexf)



* FARdL 7 d doy clements in S[X). £ T dey 48T, 1% 1§ 0% 499 -7 &k

o) Al foo
) ~ ANgx) T goo

* UX[UJ is @ Subrir!g 0{ k‘ab {‘f“"'iﬂm tp:u—,k/?

A BiE XS IP” is prewar, RBiE X 74 fmite open aff. cover.
£ HL X=0 (xADxi)) is an open cover of X, it
Sllffites Yo show XOADOx:)=§ (%o : X -+ : %n) | q(;*o}aﬁ'.

Let X= V(T). TiE XaDe) =V & Valah) =:Y , BFEV, - o BleF

F:Y—— Ve cp" Fr: Vfo— YER FFV, XD x)
(s ) > Ly 207000 Dot (2,0 52) S o

3 VnT)eA" B2 PP 83
aff. part Dexo) ¥

Cisxyzixn] 3 (7, 0e) %0)

#X63al]. part |, 2| adf spaaeq;

® Check F, F™ are Comti .

For closed set Vp(T)NVo in Vo, F WITINV,) 2VulT’?) closed
For closed set (1) ny my, [F")"[ Va mny): VP(I")HV., ¢ bsed

by Check pull back. ‘
-P )= M W @ixe e

V‘-Pva.,[U)/ wt.s Feo e (’)Y(F"w)) Fattixiia) Us€ XN Do) -,
VaeFv), Jopen Una com‘a‘-nin‘g Fr), s+ fﬁﬁl on u':"".
-1 open i
Then on Uu:F (UF{Q)) § F-'{U), F*(P: \11’(%)“'))(,,2 U
‘f: (x,)...:x.,) " N

V¥eO,(U), wts Fu)eOilru)).

V ae F(v) , 3 open U;-'r,, Con‘l‘ainiy Fla) , st

lm - )

1+ = -ru( xv 1 I*h) on UF"[R)

Them on Ua!= F (UF_.h)) , Fd*‘l": 3q (1: Xitooe 1 Xn) = ﬂah (x\ 200 Xl {iiiiﬁ
-‘-'. (2:%: =Xn)

"F:(x,) --~,x..) '{#**-"' s+,
degqhedogh

¢ A special type of wors of Proi. ver. /

¥* In aff. vav. case, FF& mor R3%20 (@(x),-- @l¥) , e Ox(V) .

1RAPrG vor. e SRHRA$89¢37L, RANTF P 850922 38.
Let XSIP"be proj vor. and fo,--,fu € S¢)s. Then 0n the open
subset U:= X\Vy(f,, -, fu) , these elements define @ mor:
fUu—=P" , x> (form: ~--:-F..cw))

¥ do, -, fm hove same degree is necessary. Lxe:xJ—> [ xE:3 ]
) Y . ) ~4 TR
Xo: AN Clg
Ringed spmﬂﬁ\‘é ax]— [27%2 ;A%
P'(:" Loleo : R Gluemg prop for mor,

open set U= X f\({i\Vp(ﬁ))c; XN (‘U Dp(‘Fi)) z Q'XHDPH"i) ::QIU;
U; open in X. 1y su{'{'.ces d0 show "”u; is a mov, lfj ,gluei{oj 'Pra?.

£ly, : X (Dpti)) —> P

p— [ R d
T vl




Ah
RFLE ImFly, € AT p Ul
{ XODpfF) A" 3% Ay : xanmy—s A" | (feiFzleff case)

03 £y, 3 2 ol var. 1] mor 0954, 4 fly; £ mor,

X {8 Ewﬂ wmor  P"—> P™ has +the form
EP—sP™ , x> (£o0x), s fmlm)

'F-,F., "')‘Fm E(<|:)(o, ¥ ld > Vp (“(:o, ‘"J',\”\ )=¢

o Projection from a€P" 4o the linear Subspace Lxp™

Exp: a=(1:0:i0:-.:0) E‘P”, L:\/P(x.):_: |‘|>""
|3 IV i 1:101ec-lion P"\a— L gs "Fa”awing

VJ=(3’¢-'511 “yY,) efP"‘ Lis +he line Past?yg R&g

Q
yep'\a line Lin P" ¢ 2-dim vect space in A™
/ Jmaae‘:n L l= §2-dim vect space +é’3ﬁ.}

= { saeey| (s.0e P*f
T ACsetyiey oy, ) (6 wept]
Then LAL: LAY (%)= { (0: ¢ :tyn) | stty=y , “‘*)G'Pif
R (CTRENRY.
So pojection is £ pa— [ =p
G )2 (01024, )5 (Ypincy,)
Question : 31 P\a— P B priection L4452 a .

Reason : ¥ AR, 280 a, +§3)6078 A 45!

7\
Solution : ¥&.a323%|-F pro), vav. k) 4k Pfﬂjdtﬁﬂﬂ 18442 f prj. var t
R i8:F a BIEESS ofi— 3L ANESS 3 0L BAILH WA S,

E_)eP : (Ex‘tcnsiorl Pﬁection 4 a) Restrict 1he projection +o a sui table proj-var. X = V,,C"e*z—"-’)
a
(xi: %) ;f (% x:x )% (2 o":o) (l!es-trid,-q,)

-F: X"9|p.1 (Xo:X,Z"‘z) P—‘)[
w\
if (%ix i) £ (o:0:1)

1T P@AgL, (e 1)
B RIABLZ Poisa, gtz 3081
L @gidie XKz X x

Xy = 5

F2 @ B mor k5 ik 63, B B mor , i L2QRARL (0491 R aﬁslp*gg‘,

o
@

<

{ is bijective. whs Wyel , the linel passing *hroygh @ and y
intergects X in two points. If s true, the one is a, the other
one is {"'(y). Indeed,

L: {sto:9:8,) + £(1:0:0) [(s:red?]
= {( t:sY,:8y,) [cs-.t)erpﬂj



. Al 2
pts in LN X \Fulf.ll-n(_j vsy, - s’yl =0
1heve are onlj two Solutions (1)s=0 woa
@ 2 %‘, “w~p “‘3)

]
Moreover, { is an iso:
7 P— X
Wegor—> Cytig gty (A 424
£ 5158 2 22p0ly, 523 mor, G4 {4 5o

* Z2PBAA prel £ iso. X: VpCxt — xxa) e
(1:0:0) &X TRT 22 AAFnegmor. @ i x>P1 (uix:x,) 5 (0,07, well-df.
we flnd e(r:1:1)=@(-1:1) .

. Seﬂre embedd;@ P x P" BURE] PV —prog var , $SLBZ G

P xP"—— PN, Nz (napeme)y -

(D‘“x"‘"'.‘x"‘]) E'ﬂa"""‘ym]) — (,'55.) = (2"7.) 3 (x’yc 1Yo Yy, x°y"l;

* .Sejm embcddirg 'S we”-defmd xuym; e Xl , e, x..y,..)

;:‘:o, Ix; =1 . T,’.to,g*/i = 1. Co Z:j—' 1 ) fi;d)#o.

idea iEAg L A BLJH R @2iFmor £ (50
A The image X= fCP"%P™) s a pro). vor,

Si= Bl=zy2z - Zit2Zp;' OSik<n, 053, l1gm

ELE RARECE B A TRy )& 5 te%0

P{': XeS . z;j;x;gj ,ﬁ_?‘.,’ﬁ XiY; 'xky,,—‘h_!h_%=o
=z, Z, 2 =

j el kg

Se¥X: VZ'-:EZoo, ttry EthGS

R¥ir z L 15 A RIC %40y 3P| Assume 200 30 (162240542 RFFHR)

B2 €5=\/(2; 2 -Zi Zaj ) 4§ oo Zi- Zay 24, =0.

BARFE 2.2 43 (B Riiz AL . B Zieo
EEs 5‘?‘,;._#_“'. 2% 3, > =
QLT\ZAL A .QL"

X2(1:% 0 2 xn) 5 3;[1:9,;---:%)

Yo B,
°Zn-1

'fo,yn(myj): ZZ_J B TR RS YTy ¥ 71

A L:p"xP"— X is an iso

_Fif 12 bijection . V2e X, 24314 Zoo=1 ,R| wo49, 4,40 BPxezy,ed.
B Zo= XY, =2k , Zy= X Y=Y, Tho Bl = 7 24410
Arap% 3, Bk i 1k ofi-. [ﬁtﬁ-ﬁ(?wa&di’g process) Aofi — , i
£2 bijection.

Z Gt FR1" Amor. £Z @ glueing prop , bk section 42 @ 4 sectim
WF. M gueing prop 2 43 3k A aff. ports , BA of]. parts L morag

WX b poy v BFAH
U:=D|,f°h) cP", V; = Di(%;) cP”™, m UiXVJ- ere off. open coler
ot P"xP" (A% %L 834 :2)

(%)i '{']U;xv,- s SA2k A Y 3, 4F Fly.xv, £ mor B[ )



'r[uaxv’ (E'.’Y(!.-.'.x..] ) E“v::"‘:Yn]): ( [ yl: STV x’: x'y‘:'_ c x“y"-)
Uoxlh & BxA' Deze) 2 BARRR oo cita, vy 4G Tegalor fun,
@2 D(z;)0X Xk aft. open cover.
-1
'F ID(Zoo) (Z;j) = (fl: 29 : ...:E,‘,'_]/ Cl:20: 3”.-])
Tof ewap 4158 225 vequbr fun,
+ Seyre embedding applicatin 1: Every proy var i & vor.

pf: diagmal:ﬂ%@, PxP”, FRINE [z:5) 445 E4E 18
AW JCteiming, cgery ) | Cxormy L1y,
RANI
%Z (xo:---ax..):[go:...;y") ﬂa‘f-t'g AP MA TR IX{ A <
@ De'l'

W"k(;: g: 7;‘”) =1 & 1445 2x2 mivers Vanish

S %Y, ~%Y =0 Vi
(-"_’> 26& -Zji:o

V(Z;j _Zji : Vilﬁ) ClﬁSEd n H)w)’-lj E;?‘i:‘ Closed
in rP“X[p”: V[ 2i32h{"’ zilzij 2 V,, iki) .
Rk ; (ERT USEFUL) M e Maxm ().

Y‘QVIL{M)f k &> 1430+ x(k+)
mMinors vanish,

rank M 2R & 3 kxk - mivor 50

Yan |< M= k = Akxk-minor x0
V Cle1) x (k1) =minor =0

« XCcpP", YelP" are pra. var. then XxY is proj. var
P{: X,Yclosed in P", P, resp, then XxY closed in p7xpP"
P"xP" is proj. var. closed in UV oo xxY is also

¢ losed in [P(""""""' and thue XxY S a prgj Lar

. C/[‘:iiiﬁl’o{’:; Novetherian spaces are all compact ,hen ce fPa;" anol 17\2
are compact under zariski-topo. BUT R is compact and Ag
‘S uncompact in clssical topo FRIAE B FTLELT LS K 1L,
Def: A map f:x—Y between +topo Space s called closed if

Pra)c Y closed for any closecl ACX.

*prop: projection map w: P"xP"— p™ s closed.

rBIAVEIE: For W, wofn) £ homo, % TH 4 &R
% 46l 49, key point: Check () =Vp (% £, xF, -, %3 f)

‘J yha), 'tl 'lta = ‘ﬁ- " .
R-HS,:QVP[x?_f); ('] @'[x:s)U\{[‘f)) :(OK(X:S))UVP&‘) =¥(‘ﬁ €9, (4 ) dq’ <o(9 Let s dt’J deg #

. Vb= ol 234, omif, )



B Tdew: 2@ 8T AARLITES L bk

Ay closed set X in P™XP™ can be written as X <Y(F,, -, 4,) where
{} are homo poly in Seqve coordinates (=) with Same a@rac (L%
Zilk % 489 8) s

—t% 3 Sejre coovdl 89 Pclj 2490¢;) ov (Y;) tjfaly dgree, iR , Elibly
3Q -2 X I - Y,

be 0 .

L (e (“a?: w1 lm) € T(X) & 3 12 92eV(Fr, fr) s+ Txy)=Y=a
& L a)=o, ¥ i .

/'; gi - ﬁ('a a), 'j!‘,\ B; &-’{-2 ﬁbpoy) de'j(" = deg-P; over x =:q

REMX) & 32, g,p0=0, Vi &> V(8. ->0) 2 & ‘
Trick: W) x &A@, V(=& § JrRAHiloert nul +hm . BH H5 A
4o T B 44%- .
aETX)S VY, - ,9,):¢4 & J4,-45 = <1> (@ <4>%i’;f?;ieﬂ)
or ,(5!;"?37‘) = <o -y7mY (Telovent «aln(.)
& 1 k'.elN St %.!“ € <9., w2 9> for all ;
S 3k (Rkeltlor -t kr) | St Kixo, -5 m], €<9,,-,9, >

@ ak, ki, -«;thk?(ﬂ\, ---15vi ( @ # <9‘) ...)ﬂric_: lq:,(.) -, Xu]g.)

45104
‘. ! N J N\
<~> 4 1[([)(. ) ”“‘Jkod X oo X KCx - ] ~— kEYo, s %un]
(244 k )

-vect
vect %) e, he) —— %)_S;h,- oo &
oeg d o cleg k-

is surjective as a k-linear map between vect space
(?iﬂﬁqi B AT P AR R fim kCxo, 3]y = (’:,h)
dim(kfy,, v ¥ Jed Koo k¥o s 1%t ) = Y"( 'l':fd-d )
REEY lincar mup 3pi4dk¥oid @4 3 e
a&n(x) & matrix of © has rank ("n) (:%é4)
M < 3 minorof (3%), 2k ) with determinatesp
4674604 - T entry . a.(--l: 0w 68 Poly with dey dl.
€3 Fahi-1132h694 @S 0,0, 0)
C(% % 0,,0): Gkl ., q) xhd
S5a%% 69 B ¥ -
& M(“’)"'Iam X —
o) 20 aiy

* P The projection map n:PixY—Y is closed for ony var. Y
of: BZiTaeR (ofl KAE var $RHML )
ofzYe Ao o 2 2 2% pouy
Tdea: off war. B Al P~ % L&A T P xP"— P" £ closed i,
20&“ lP"xY < lPh)lAm c 'P"x P"'__ﬂ'_',[Pm
S
Eaa‘lzid'lii 2 is clvsurize%?igfp‘ﬂ%", | 1'(Z) closed.



N
n

wz=z0pxy (1 RY USEFU,

= \)VE
Ro=A«NB B4 acgH+BTAG /

o |

4% T(E)= mEaeRY) =a@aY £ v tsgAg
i P Y=Y
TP Py
ALY is not aff Y=UY: 5\ aff.
¥ 2 closed in P"xY ,+hen Zq P'xY; is closed in P"xY;
so TL(ZNP"*Y;) s closedin i, Then
T(2)NY; = m@&nn (P'xY:) = 1w (2 APxY; ) is closed in Y;
Hemce T@) = Un@nY; closeel in }/X

Hence Y\F(Z) = U Y.' \tl‘i el Y. ) => open in Y > 1) closed.
\ \_V—————’

open n \(‘
\; open in \Y(, so
i's open in\( |
o Complete var : A ver is Called complete if the projection T:kx\{-Y
is Closed for any var

Exp ) P" is complete
e) 1n general topo, WEid |38 2 'K 8d,
In Zaviski tope, complete space 89 i) 53 .8 complete.

2 wi-s RZxY—>Y closed.

c
c'rsdxcorn?lde
Ti: 2ZxY < XxY _"'E,Y , M=t . Txisclosed, v s ¢losedl,
com s closed. (Whj 1 closed? 24, X, NG\ so ZaYcE;"X*Y

then ony closed subset of 2xY is sti| closed in x*Y )

(3) Evety Pro). var. is Complete (Complete EFAFYE complete),
BUT NOT all complete var is proj. var.
Uh A complex variety is Compact in classical +opo Hf it's Complete
5 AL s not Complete (@Mt BR, N ZAEFAS, )
7 A x I — N
o T(Viry-1) ) = pd \lol is not closed

) 1818 3B P? off. patch IETH 3.
/Aﬂ»x Aﬂ

® Prop: -P:X-ﬂY is mor of Var, X is Comp/eh then €0x) is
complete closed inY . (1a 3emrul +opo, ‘B463:4& £ %83)

# 4 Zaviski topo T, F(X) RIX complete , &7 g Closed !

d) Show f(X) closed.

A ey T,y Gaftnfen) €XxYf is closed in XxY
X —> (%, f60) > fx) so f(x) is closed in Y Ey T closed

@ Ghow F00) complete ,i-e., check f0x2—2 closef for V2.



. 'x.,Q) o.d) GMIQ)
%4 24H (XXZ(-F—‘-?.F(x)xz Vclosed W e F)x2

:{C%—Tﬁ&;éﬁmov‘ \ (W) =T, )™ (W)

NZ—>Z2 5 '“' Ll dosed
Zolliegmer N e
Xx2— 2 Tekizk R closed (x complete)

* prop: X: Connected complete var. Then (Jx(X)=k

pf: Yfe X has the form i x> A*
X complete so Fi(x) closed in A*. Closed sets in A* has the form
Hinite ptsf. So fx) is {inite pis. X connecled so {1X) connected,

hence £(x) is a .g;n\gle.i-J i-e., £ /5 a const.

¢ \/eronese embedding € < proj space 2 21| & proy space.
pick n,deN>, .
Veronese embedding F: P"—> p~
2 —— {0 : iy )
where &, - ¥y €EkIxe, - %n] ifﬁ,ﬁ d‘J d morzo»z,‘als,#,ﬁ (n:nd) +
@34 Ro fdsif 3R, N=("31)-1
% Well-defined : £.,--, 6w BE =8, -, 22, @dx 4R

x WWsamor: 545458 %d2 543
% F(IP") isaprij.wr. nP™: P" complete, So image of mor F(P")=: X

closed in PV +hug it's proj. var m P

X :Fipr—X is an is0

Key point 353 F i E SEE §toff patdh L § mor (routine )

Consider opan s beed Dex;) ,{l X _i.e, on this pan}z X hos the form

So  xj= Zwneire; o xt (%3%‘3"'-‘1? ix%)

Zde; x; 1= th

d).
*eg. ptpld®) - pd
(i ) > (x ;xS o

¥ Lmporiance of Veronese embedding :

: w,")

Coord in P" Coord n PV
deﬂvu-ol Pilj winnp  linear Paiy
lﬂe*ﬁmple

eProp: Let X cp” be a proj vav. and f€SK) be homogeneou s and
hon constant. Then X\ Veh is an aff. var.

% P"4g ¢8 hypersurface A off,
PE: Let F:P"— PV be degree d Veronese map ed V(o xS+ s a..x.."'))"k",\ vAF18y 52
V(@ Zdeo + -+ tnZaea) ZE PV hyrerplne ,  Veronese embedding Ba4i%t% 3 BB 54



( l;nm)
?f Veronese embedding é’ﬂdfj ol hyperplane mop | deg 1 hyperp[anf.
£ 1S Aw(PY) 423 %, 2 34725 map o 69 hyper plane R 2, =0
§2 FP) \byperplane € D(20) is an odf.

¢ GraSsmanitUlS G(k)n) i k'd"m linear Spaces in K"
é‘aal ¢ Show &(k;n} 'S a 'P70\7. var. ,
Id?a_ : -find embeddin é(k/n) — P
. =

To construct this e.mbedd-’nj we mtroduce alternating fensor products

+ Alter nating tensor praduc+
Def: V s @ k-vector space. keiv. A k-fold multilinear map
f:vt—w is called aHernaﬁn@ if ﬂ_'yV:=VJ- for some i*g we

hD\VQ ‘F[Vu"') Ve) =0
* A4 BAAYHA LT 2o
* PR, -2 By -4 BB Few, v o ey,

"€ ) Wew 5o, ) = S0 () FL0, -5 v

Det : (Alternaﬁng tensor product)

0 k-fold +ensor product of Vis a vect space T with an k-fold

uliemaiinj mylti linear map t:yk>T mﬁSF'/-'y univ. prep:
£ alt. multilinear

k
Vi

T S
4

¥ The :maje T (V') '-';V‘)Z: ViAVzA ... AV
¥ alt. tens. prod. of V exists, syizel T =A%V, AtV.E 1l

{ 128 <iy<<Tesh VAV A - AV, T Sl 8F Linear space
i ¢ {V'.?;eu.l'”ﬂ 49‘ V éb baSiS.
¥ dim ARV = ( ﬁ)

Ly — @k e
* ANV=Q V/L , L is vector sub;Pqu o-F V t ge,uera'fed
bJ <ve--e %l vi=y for some i+3>

*ANV ek AVezVY
o Obseryation: olim /\"k":(ﬁ)-.i So /\"kuak
dim /\"k’:.(j_)=5 so MK g3
;tq, A" ’=‘-’k given by determirant
G‘ﬂl("k""-l’i VNV AV, = de-(;[_tun_] € A Al

R\Gzp3  Given by Cross product



1449 NPT, VAL = (aettes+ 2ed A (bBethe+bes)
= (abr-azb,)e, A€, + (aby~a;8) e"\e-i"'[”zl!e“azh)eu\%
ii"b’kﬁﬂ % SEARKE f§ B92x 2 - minor

e
Q| 0o aS [Cr_
Vi
[Vz] 5 [bv ba | bs %
MR observation He

n
?rOP: )-&t VII VI./ ] v.. € kh- Assumf Vis %’a;j ej

Then WA A~ AVe= 5,245 435, ¢ A ",
pf:

VAV, Ao AV = ane, -+ UnCn)A (Aneyt -+ Oweu) A -.. A @ue t ¢ Qun Ca )

=z, a,j,a,\,‘ ahj. e; A eia/\ v A8y

pEZP LY 2 by Qi .. € NO, A A E
A1lLkda [£9,87.4 ...x‘f_m o e B RGN b

/ = Z,A @[ 0‘) aljrmye:h /\efh A--. Ae?l
I S‘Jl<.12<"'<.3k

| TR BIGRR
2o By, Ry, - Buy €,NG A AL 3 b S41988 i
F€3%.% % ,.¢n
we 12 A3 £ ke -4 34

I ] .Z’ B3 e Baieryy Duietsy Cios A iy Ao Aicu)
$31 €905,
& IO @ ah
= 2L a'jr.u alie‘w'" Duieny S, 899 &3, A€, NNy,

l£3, <§,_<...(5.4” TSk

Sh@m: W&d,ﬂe %ﬁﬁ&&i}?fﬂ%ﬁﬁ minors,

* Pliicker embedding G(k,n) — plel-1
Lemma1,2.233 kA% Plicker embedd-‘qg:‘lk%ég.

A}.emmai: Vo v Ve ER” for some ksn, Then
UAV2A--AVe=0 iff y_ - Ve Ore Lin dep.
P'f: Ider : Use minors +o COme}e Wedge_
Lot Vidhii€; iersh]

' al; )
ViA = AVp=z0 & [?z;. Bes - . ﬁj =:A B357F RFf minors ho & rakA<k
An du...a’ G-V Lim. dep

A Lemma2: v.,---,v.ek" angl Wi, -, W €L” both be Lin ind.

T‘Eﬂ ViA-- AVe Nl WA--. A Wp
Lin _ind. in Nekv & |Lintv, -, Ve) =Lintw, -+ Wh)
&£ 3




Pf:
= Assume WA AWk 2C ViA-- AV
L 2E §, A28 H551%.
V; € Lint Wy, W) SV, Wi, -, Wk Lin, @@ ViAWIA AW =0

SFVAVA-AC20 HilFTy, ez, =» Lin(w,., ) eLin(ws, - .-, i)
- RIE283- 5535
& Assume Lin (v, W) =Lin(ws, s We) s '
Then V, = CuW, 4 .- + CraWy,

Gy -
WP vl A"' I\VK £ .-' Clk

WA-- AWpg

Vie= Guw, +- 4 [k;Wu Coy - . o
*Efiaif/ det20 3o = F Lin dep.
*S/zyan : Wedde Zl}gwgélm. ind.(wedge %0)

OF Z zk# 48724 ( wedge £ £ o Z44)

A Pliicker embedding : {: G lkyn) — ’P(U'i

n
)_‘m(v,,...,vg) —> VIA---AVy e Nk k" = k(“)

Lin (s, ) €60k,n) % )1 65 plicker coortlinate g
kxk -minors a‘f matriy whose Yows ag Vi, W, -,V )‘ﬂj:ﬁ,q:r 6J5 45
VA A—

Craximal minors)

* Well-defined-’ If WA-AY=0=> Vi, Yn Lin, /qo.%llimlinm,---,uyk

DLlin (u, -, k) §GCk,n
If Lin(wiy - W)=z Lin(Vi, 5 Vie) = WA -AWe=AViA- AVie , A E K*

=D WA -AWe=ViA-A Vi it PlR)-T — &) /i

¥ F )0 A A s WAAWE 2 Lo (VoA AVie) = Lint (iR = Aw)
P2 it Imf closed in ﬂ)(:)" Ergi;aﬂ G (k1) 2 prj. wr.
«Glk,n) is a prej. ver.
* Examples convinced this fact :
Gt —> Pl P
Lin (a|e.+--+a.¢.);_> (CTERRY 7Y v Gr4,n) = [P

* Loea of Ghaw"g Imf closed : Imf =" pure wea!j&s"o— fund equation +o
describe pure wedge
Alemma: For g fixed non-zers wentk” with k< n , consier

k-{inear m ! kil |_n
o Jk"’/\ k , vV vAw :
Then  kf 2n-p . The equation holds iff Wzv,A-Ave for some v., - veek
w is ‘pure” or in imege of
pf; Fithr embeitng
ThY + dim ldercéj_:n

Assume V., v, are basis of kerg. Extend them +o basis of k*

Vy Ve -, Vr, Way) =, Un. @ e/\kkl) so we Qa ssume
#3veeJugn

w=2 05, .3, ;A Ay, A w&@!ad,...jkao,

3 V;ekerj, we have 'Vi/\W'-‘—U;Zlaj.mg,l ViAVy A e AViy
|)...)"’0



When (31, - ) vonges ,there ore tuo casescy i€ ([, ,d)
) (& ('-j“ ey :fk)

« 1f :e{f.,---,‘l..}, thea ViAVia Ay 0. Aj...35, Can be nonzero
Q) Vi Aw 7 93T k0Lh:
Vihw= ?G:Gf:j"_.u)ir--iu ViAUA AV 5o they are all Lin. . !
basis in A*' k"
Hemce  0,..43.:0 for Vi, - i) i
PhE 534% 23 re 02, rDBFR 3 84
Conclusion : P4 B R 11,17 § 1., Tef 84 (4., 9p) 4 %
Qi3 t0. 2% .. %0, 34 $iv -, w1251,
I& rodmkerg <k . B vhgon- dimkerg=n-r 2 n-k.
z%lﬁ-; , ¥= d:mkewzk. =2 3f{1 Tui = fa,.---.1f.
R w= A, win - AV, fure.

koy Pr: WRET i de]2i1 1] +evms,
Exp: k=2, n=s+
1) W =eNe, .
Jlae - +aqe,)

(aiei+--+ Gae4) N €,Ae,
Rzerene + a.,e./\em&,

B P ) . 0.
*hﬂ c2cn-k RBFEeve, +arms,(meéker3-).mte., e, )

D) wz=eine, + €3 AE,

J0iBit-t Lye,) = (et -1l ) N(enest @sA8,)

S RientsNey + 028, NONC, 1 Gr6AENE; 3 A ene:Ney
rhf= 4 > n-k

A The im%jg pf Pﬁ:{cker e""beddim@ ic Closed in 'P(:}_) -1
M prenkiag®  pogepllt

Wodulo K*
twl €Imf & w ispure < J k"= ALK Yy vaw  has vkg=n -k

& all_f-k+) - minors of matrix g are zeros ,since vkgzn-k
They are all homo polys

So these w forms @ closed 1, i.e., plicker em beddirg (s ¢losed,

Exp: G(2,4) 2\f(?) in Pw-i i ’P;
9 k'— A3t
Vi— vAW

W=0a€iNCa t 0y @G T Asliney + A3 ©AG + Qo CLNE + Oy §1C,
o, an s ““~ - e

N v Y L # “

Coortlinates of GCa4) in P°

I key 4B P ALEE A/

b &AW = Qs g NN, + Ry QACNCy T A2q @ NENE,



A €
V — VAW , ; e";‘:"e’ ! ;‘:“" NG/ &
e, — a,se,l\e,_l\?_; 10,8 & Nesng, 'f'a!l' €.I\e;/\ev Py -41_: ) ¥
€2\ —> Q3 8N€AE; — Qs eNGAEy t D3 6 NEGACY & &
b= Qe Ny B BN &Ry enginty g,

03 & N\E3 fe
66 CLy— Q,, eAC2NE, + a.,a/e,Ae.,*Andr;as JGa ann

Q2 (o}
0 Qs

i‘?ié f‘* ﬁﬁ'ﬁ L}’l‘k"fi]— ﬁnur& %o
A% equs. *

2 G(z,4)=\/,,(all 3-m.'mrs)

GRER % cquR REEI, RB-£F3KIIA THA R Psk -1 Ak 2R Mt it
Mt HR G B E D dimGe,n)=7

Compute dim Glk,n) = kin-k)
Lden : Note that we have this prop

1§ fuilic1] is an open cover of X then dim X=sup {dimU: |ie 2§
B G i open aff. patch cover, 3¢ Trait 4 dim &lie,n)
Glkn) EP{:)'i = '|J U; s has aff. cover.

S0 &lhr) =Y Ui0Glkn) also an off cover of Glhn)

Lets look more careful!y on these aff. patch.

Vih--AVe € -F(G[L n) & P(:)'i &4 plicker cword B
IS ofetis saandbe D
V- -8R ey 328 P45 2]

AERIA

A
@A {Catkn)) 89 . patch & 4 2 k- minar a;\f%[ il

A2 U, L B 12 k| A5 G32E 74 6347 215K 2
with A invertible. 423 G(k,n) 4,

Glhn) £ off, porch Up 2 Laaf Jerow span of [A 8]

| {cate,n)) 8y pch 2 [A B]

n-k
Zrow span of k[_i C] where c-4'B ¢ Mg
Hence U, = pkn)

Gl 1) 695 - patch AF AANF N @b, dim GCkn)= Rinb),
% Moreover GlRn) is irr,
Fact: {Uil,, be an open cover of topo space X and Uiny;+ g
for all ij . Then if U, is ivr for all i€T ,ue howe X ;s iry

Since AR™R s ipr( open set in irr [P0 ) so Glea) isirr.

* &(kn) {-Fu” rank Rxn matrix ?/éﬂk) ' %3, row transfor mation,

L:v\(:):raw span [A B] Mn w span fﬂ*”*"'ﬁ&f-ﬁ
. ra1“k k n 00 in lP

Exp: @(4,2) = {4ull vank 1 x2 matrixp /620K =§fcz O T }J,'l *ekf
U { (T €)1 CeMeiaf is an aff. space patch of Gtk,n)

ax4

{(5:73%:;) % is also an aff. space of G(4,6)

*ER Gk, M) ZREH 10}, 2RE ~F pakch !




o For all 0sk<n, we have Glkm) = Q[ nk,n)
Toea : Construct iso.
Wbé(lﬁ-ﬁ) — G(n-k, )
L:(x0)— L* (Legz%nt)
bijection is obvious :(L) "= L. Rik @4 mor ( 1 2B Giik @ &.E mor,
BRI n-k). B Ede L aa X AAk.
zasgd, za (20 () 0. 3L 1)
oS P > AN G Gmap
C— T

~CT894 458 L Cj 6y de 1 poly , @R mor,
ﬁ-—)-‘l P&ﬂh toiso kbg &f.‘sg.

e Birational Maps - Almost 1he same ( Coniain iso cpen Sets though var
kre nogt iso)

* Exps -for neniso lars canfa;ni/y iso open gexts (exomples +or birationa/)
@) PIXPM P PP 2 A=A 2 P
(2 Glhn) 2 Pk ¢ pRn-k)

3D
v & 'S
V &x-x})
Q) &)
#Esm dar ¢ N\ A \ 0 7
'}é iso o /N\o
* Rational maps EC P T ILEE 2

alef: x,Y: @vav A rational map -f-fmm Xte Y, written {‘ x___>)’
is a mor {U—-’Y We say f,4:X--> Y defined on Ui resp. U are
the same i f=f. en a non-empty open subset of UNLL.

% f:X--->Y defined onU&_iZ{F :F‘Uﬁ\f,

* Exp: -;':/Aﬂ‘\io] — A‘ J 'xl—f;l'\'

£ =% as rational maps,
Y S\ Xt i i

* REAMOER | Rbets gle BB Check HEB I

foU Y agree with £:U, =Y on ax open ser Un'E V.l
“l- Uz"’"Y agm UJH“I '[3 U;—-’Y on an open set Uag S.Ua.'/%‘ljs
U-a-nU-; Ulnuanlj_g EUanB yi& Uunun 3&

X irr, U NUs C X > ULNUs irr. U:a. U-nU; 5 Ula C U/)US

unl), wr UunU;3 t&

* 1[.-' U—Y ,f:U.—Y are the some = 'mu.nu._= "c*’unu;,
o: Lot W= xeUiNla | fieozfn}
2 7'(Qy) is closed in Uny, , where i uau =8 Yxy

% ——> [{.lx),{,_cx»)



{and fo are the same=> 3 open set U gu,nub {'IU "‘“u
Obviosl\j UE-VVC_C‘_”l.Z{\Ul
Nepen”
Since W dgd unu., U —C-'W~ However U is an open set

MU, 50 U=UNU . Then UAU.=T SW meaning that U.Nliaw
So W=UiNlLs, ie, ‘ﬁ'unu,_=1c4u/|u,. :

* Define birational

*In'ru-ﬂvccll", X and Y ore birational if
3FX--2Y Y- X with fo9: idy | §of=ide
But i may vun to problems in some case:
f:X--5Y with f(x) closed in ¥ and
9:Y -5 X is defined on Y\F@) .
Hence we need concgpt "dovminant” just ensure compesition is well-def.

wp Jof is meanipg less!

ADef :(Dorminant) £:X---2Y is called dorminant

if CTFAE) « F(x) dense in Y or all sepresentations
e £(x) contains a nonempty open subset of Y Hforall rep.

U-=,Y_29,z

- § dorminant |, so v_m v+ 4)
Iyct W), V ,g,,Y sSince Y ivr
- assume 9 defined
on W"é"‘Y

A A votion| map f: X-->Y is called birational if £ is dovminat
and 3 dorminant §:Y-->Xx with Gofzide and feg=idy
*Wesay X and Y are bimtional :f F birational f: X --»Y
x It X is birational to a prvj space P" we call X is rational.
A two i var are bimﬁonal@fhg, Contain ise. non-empty open sets,
= {.%--»Y biratimal defmed on U with inverse 93:Y —=x
dcf:v\ea( onV , then UN+"'(V) iso to VAJ(U) by fumlg.
< XO;U &Vz\f £:X--2Y ak{meo( on U is bivational _
A fact : Birgtional irr var have the same dimension.
A Example of birational maps Rationg| functions and -Funaﬁon fields

% A qotional function on X is & vationa| function @ :X ~ -—> Al
Given by e U (U) on some US X. The set of all vutional

i ill be denote K(x).
uaitins o0 X_il 16y KX)o L cevan, 2,6, definad on Ui,

-Gony a d ¢ o
open 1 an (] n ,\,V )
* 05U E"X | then k(U)2k(x) iso £ obvious, Upves

wr

BANL T 3= off open U X, FE018R%3 K(ell ) 2414 P
Uatl. open in ir ¥ = Vis irr = AlU) is a domain

nonstricfl

Then k(U) & ALUI 83 %3 35k - (Reason™ U 1B A% D 2 .
kW) =kO) | pht funcsion kz TBA F )



o Blow up ; ajmera[ procedure &€, i wr A r§ 5% 4 birational 63
3. war,

AD&{:= Let X /A" on aff. var. For some 3ium -I',)---)-Fr €Alx)
‘set U= X\V(£, .-, %), there is & well-defned mor
f:U—=P" , 2 (feo: fio:-: fem)
Cons ioler S; = {(;x,ﬁx,)l xeU} & UxP"™' which is closed in Ux P’
The closure of Jj in Xx P™'is called blw up of X atd, - f
denoted by X . There is projection 7: X'—= X

s 3T =% uxp™

®) 1 X=RUSG — x= 0 Uxw
1 WX=T=1;

Cl

I‘So

U=X
¥ _q, xU be o deﬁse open subset.
ﬂtﬂﬂi‘[ﬁﬁ‘]&)ﬁ{i]ﬁj -4 X birational to X (isp on an open subset )

Note that : we sometimes identify S5 as U (view us')

A Blow up of subvar. Let Y be a closed var of X,

UnY: Y\ V('Fl/ “';'r') ’\? 'S *he c(osure 0{ f;lw.\c in Y X IPr-',
Where ﬂ"ﬁ‘(: uny — "

L) ? S closed in S(\' It ¢ called strict transform DF Yin X,

~ closed —_ closed i ~
S YXPT €& XxIP"T 2 Y closed in xx(p™'
~L -~ ~closd~
Move- = T=x0xex
oveY doged @ Yox P!
‘!

(2 -\\(, s closure af YNy in X

— N

Ynu;; NU, =Y

—<?

"7 closed in

>

* If x= UX; o— irvv decomposition , X = l;fx‘

X is closure of XiOU in SE = closure HR2 A4 5 23 B

D Exp: Compute by taking closure

r=1. U=X\Vtf) . XexxP =x_
so X is Closure of U in X (under iso )
W f 30, T=X=%.
@4=0 UzX\WVio=& X=0:=&.



. Computa‘rion — Descyi ption not Y‘efer fo ‘!'&l:«'r\ug Closures.
Alemma; The bow up X of an aff. var X at f1, ., £ €AX)

Saﬁs{ics X ¢ {('x,j) e X xP| Ui‘(j("’ =Y, ficx) for all "/7"1""'}
=; X

e Tpaf Ooffion, o frog) BABR 44 ( ;- Fiom)
Zclosed in X x P so 3(':—1:'-; cZ

A Exp : Blow up of A" ot the coord. ‘Fung_

x Lemat XEY %Y ier, dimyzolmy = X=Y
pf I XY, then by def of dim, we have
- exn &Y olimYf 3dinx +1 >«
% Lemmp 2: I«f- X is irv, then '5( s vv.

X=U%, Xirmw S0 Uis irr. Then 0*=X irr. (Uwre T i)
* X:/A",‘rﬁx- ){szi-:'”) {:,:7(",

;\" c { ('X)Ey,, ,y’,]) exX’P"",yx‘ngyi /V".] ?:.'Z
Z has an off. open cover : ZNiY;x0}
We can pick =1, then Z0fY;x03=§ex, € Y, - ,4, “%1)e X {p"",

Sme% vy}
Hequ x4 19 32 g8
y.

V=2 Ny 50}= {((3.2-'. Y%, -, %), CY,-, ';:l,..., y"_p}
-;: f [7"1 g‘) Y yi-l,gi-rl)"')ﬂ")f gA"
LiaU; <&

Z-UU s = dimZ - Supd.mu, =h
an gpen over

VUIVEY

Z= UU 1S
an gpen c‘mler”'?z'S 17

UizA" irr

A" Girationa| 1o A" so dim An = dimpan.
P is i so AN is ivr. Then [ Fo % -~
i/ﬁ‘-,z rr =2 A=z
dim A = n=plm =



(Zuesmm Whatss the picture "F y
* Consides 1:R —o, whore B’=2 = fengpe AxpP'| dyxzyx
D mNo) = {Cory) €Ak P |yeeyy f

={tnprearxprd opr %ﬁ
W) R\ 710) = AN\D A‘\o

But_its Wm?lj: B e /x} irr_ BUT in
the rgh'r picfure
i1’ reducible.

Correct picture: To obtain corvect picture,

Dlets consider line L < 8 (D™

2) Compute Strict -fmnsﬁyrma,hm ofL in /A

aLegsigr ik Ypomt onl con be vepresented \7 (%15 k)
So the image is ((x,kx) ,[x:knd )€ pi\ox P

1
(i’
1)
)

3) ziline L5 1708 %

9338 TNAT0) =(0, [1:k1)

wip £xceptiona| sat perametrize
‘l‘h@ dlm"dn (Lul—; L;) n A"

o~

s A0 JURRABZRI KA
Blow up\:t%'f};‘ﬁ 3
Y22 Mobius ¥

o PN‘P: The blw MP of oan RH var X at '[u"';'lor EA(x) ' '

depends only on +he ideal <o, F> QALK e f &, > = L LAD,
and N:X—>¥ omd T ._9)( ave coﬂespond\ry blow ups , There s M("D
F:X— x with ¥ _E5%

\'Dlﬁr
X
*Blow up 5 iddea] H%, mdependent of nafs e
Pl (Routing check) Comstract F.  Trick : 4% N saasads
bssume £ =38, % , £ hjfe.
F: ')\(, — ¥ I

(#:Cy,,-4,J) > (xe-y i”,uﬁ,"ﬂ)



Toea: Zke i x\VE,fr) ¢ X & BI&
YekG AfCx, [hoo, ficw, - o] ). aﬂﬁgﬁ
F,"\Vfﬁ,m,m Cx\WE ) — v
(x, [fir, ..., f0]) > ( ,,,lF{,'m,-, -f"lu])

Cx, .- a{/)jp'ﬂ .---J)
k-th componest

THRPit © FLmor OFF iso
OF8 o k2B, RBALE
G:X—>X
oY,y D0 (%, AN ﬂ', J)
4°%iE aj F;_mor, ﬁ‘l 5-2_.”“". Hse 6___,;4) ¥ £ o

T+ suﬂires-m shw OF is a mor.
1) F ¢s wdl—&[:ned @b Ly Zh“‘q'u - J% [°J°J "-;OJ

2 F(B) ey

(29
Igdea : U= Y\V‘.ﬂ,"u{r). X= U. N k"ﬂ EGQ‘PMJ’ ?~

Eke Xlu= {oy theo, -, Fa0]} . B, Vicw : #: E34kiu Y ) closed
X: 0,50 X < V(b,y): H::ﬁ\’;‘,‘ﬁ#ﬂ;) Iy e¥ with Shyy -0 [{5
then y;:o Vi, e, Y=o It "mpmib,c because d‘-ﬂ’"'.

(1.2) closed
Tdeq : Continue map 3Rd F4Z g w.te. Ycr(%)

Toen « B s M JRid] 8 8spae UnS. F=7 . wrs e r(w)
S= {0 oo, oo, 0] ) B2 K Sho, check FIL) ¥ £RS.

FIED= {Cx, 1o, zhihon, > F= § (nr o) £.3)} =¥
So we complete the Pm#f

* Blow up »th ideal :RZ => de 2t %R F Bow wp s2 A} =3 H2R ] LW 19463 blaw up.
1. T9A(X) be an ideal. We de{mc blow up a-F x o T o be the bly
up of X ot any set of generators of 7.
2. YeX be closed sub\midy_ We de-fme blow up o‘FX at Y o be the blow '
ww> Unigue up o
up of X et I(Y) SAl). isomorphism
2, X is an arbifrﬂ variety . Y€ X bea closed subvariefy.
(uestion: How to defime blow up of X oY ?
Pk an af{me open covey {U;: i< I}q[')( . Ui += bow up of Us at
closed subvmcﬂ Uiny. 3BT #8248 ¥ blow wp ofX ok Y.
4 Specit| case: Blow up at a point &, Tz aff. open cover fu; :icTfof X.

ﬁi: blw up * W: at o= f“"““? ae Y; 48240 U, cover o..
- U asy;
Compute Us = Ghe X \& to Uy along common ppor st U\ia],

SI‘ZH“” . Blow upg local 354% . Blow up of @ point 8 % g_ngff open Set-
Cover 41 this peint. B Z 9 ikh X is¥ff. vor.

5 Blow up p-F projetive var:
Slogan < Blow up af proj. var. is st prj. var



Let X be o prog wav., £,-,f eSCx) are homo with Same degree.
Blow up '{ X ﬂ;‘t"[-,-",'Fv S T m X xpr-’ whepe N

I = Cx, Lhion, funr,- fop]): €U .-=X\V(£,--,{,)} c Ux P!
?C[es@d i proj var. Xx [P so X=5F s proj. var.

* Ex(eptional set of the blow up of a general variety X
ar poimt @ &Xx paramedrizes 1he tongent direction of X et a.

* Tangent cones. X:& variedy. X := blow up o X ot a point ae X

Tl)SPEx P > pr
., 23> @) is a Praiec'}mg var«’eg
ac closed = ey closed 100 & ey v

Cone ower () is called
‘Ta.vgjeyn- Cone

Expi Intuitive -P“c'lure..

X

XI:V('Q+X%) XQ:V()‘%f’Y%*x}) X3 = V(x r])
Consider sirict 1ran-rorma1am of ¥, Xa, X5 at origin:

o, [1'~h:l)

\ /o{"’?fxf*’

Srict - .

+ruv@{arma1r0n kbfz

of % ey
1

by A, >ﬁ\j ’¢< \<
VLANLY N

point o in above : m% "~ (o) ?/ A‘-’{ 0{ Cone , it’s line "h"algl Point «in A
ie., darkarej line in above. it B¢ 23 1% i 293548

Ex$2,3 convinced YU oo iy, tangent cone § 177’z &)
o A%, +aJan1 cone 722 A%, 583

aF. THO 134,
° 4angent cone SAGE 24X

Exp2: (ot &) X=V(%-x') <A azwo . Compute CalX).

Idw:Z c Z:{(x, E'duynj)@x"[P‘,q.xz.-.y,x,} c XX_ﬂ_D_:",

has two aff o has two aff o hac two aff
Patch Patch Patch

g&v:ﬂ consider _'Gi ‘:’:_,:’;’" =

Trick : @ mor % WA Z %0 &ff. paick. Z=0, YL
w: Al - UI ez; P;Cky|=i kg /A’.;; Uz g.'Z) P;Ck %=1
(X(;Hl)H ((Xll 31.&), Ei.‘ 'ld&:]> ()(‘, yl) ] (Cy.-x“ &))E.yl: 1J)




J:(\U. ’-'-ﬁ( (x, Yom) |, [x, :y‘x,]) \ ("‘1 ‘J:.X-)GZ(\O}
XV %a-%%)
= {(7"/’9;&), Ei-'H;J)} (’92—’(')— 2,2: 0 }

% %0

)
= §(X| ) K 52-) P} [Y| I‘Xl SZJ yz'xﬁv cx"y.t*.)e)(\o
!g%moﬂé’ X0 [ <—lies Uxpax

[ V(xa—xl\.)n D(x') Q#\z;[}'
Closure of J¢ in Z:U,0U. is X=r
Closure of tav, m zav,=y is cdall)
WW\N\-’\_—.\

\ 4
I{'_-OUI: vcxz_ X ){)D(xi) C V(X;.-x") _> I,F(IU Yy "Vl V(X)_"‘?(,’-)
o as sub var.
closed
1 cpc =
EacB ey = R, Ve
A=A as closure n V/0-x})
et aax N Closed
RnB= K2 A cA 2 ;
T+ suffices 4o show sz)_—\e. j closure °'F .\:/"U/ n U
. (o — _ clos
B < BCEQ'(X=>AEA'SX = T Ay e x)
_ _ F(]Ul = Vl"a-“)(.‘)
= AXc At

Va= {((4%, %23, Ly, - 1J)ex\o><ﬂ>1f

(Cam, 2, £4,:17) | %y’ {

X2%0

:{ ( (Y32 %) E"j:i] l 1= Y% = f
Ar%o0
=V{*-4'%) A Den) < Yo

oo %= Xau.
¥

Vi2-Yix,)
—VF(\UL Q V(ﬂ- Ul %) : r{_ Ul = VCi—'y,‘LXz)
v(:—g, "*2‘_ GA U V(2-Yx )
= r,m U =Seau, = Vt-4'%)

So we have {XAU'SVLHZ”")
X0 =V(1-xyy)

@0V = f (0, ceeg) e¥ v |
1 (a)Ct:47) eV(Y,- x)}

4:-0

f(% [1: oj)f [1:0] eP?

h

1



LL 2 Kt

So i) ={11:037 Cwlwy = Vim )

Exp3: (R RALME) X =V (x2ox- %)
F“' nUI {(X.,X.ﬂ,)’ Eilgzj )G V(xlt‘ xl‘l —Xlg)\o X(Pif

n

= 1 Oxoxy,) [1,14,1)\ (x4 x2 - %3 Oi

X140
EVIR-%-1) D (=)
Fl22 XNV =V %
W XNU.= V@i-90- x4 )
00y, = {(a L1292 ) e RNU}
:{(“' (ti9]) e V[vf—a__g.-u)}
= {(o, [1:13), [0,1:1;':"13)}

"WV (a)0y:09) €V i g2 nyl) |
7

= {0, C2:43), (o, 02:-13)}

So mia) = f [1:11, [:t:—:lJ? € lpi
Cra) = Vix2>-x?) (1)
(4,-1)

* Two pmps about dimension .

) 7 X—sX be the blow up of an irr AH. var X atb
£, f € AX) | Then every ivr Component of exteptional set

TAVE, o 0) has codim 2 in X . (1ts called exceptiona/
hy persurface of the blow up)

Lden: i n2(V(f,, ~o8) €] §1 off. patch# codim -.:L('pwe codim =1 )
Xel= { (*,Cy. rsY,7) EXx [pf-—', 5%&00:3‘3 -[\; (=) ,Ui,j?
SPU where U;s {yie1fn 2 (, cm,---,t---,uv:)ex*'P"'l%‘a“"k‘!iﬁ-"‘)f

U'.nﬂ"(V(g, -~~,$r)) = [ (=L Y, 9] G')?]'x ek, ,,,,f'), Y; fy00 = g1(1;(;(),v;,j

Claim : U;n 7 (V(f, -, F0)) = Vm”a) m?ﬁv@ﬁ,&)
It +he claim is true, we have :
Xwr =X irr = X (\U;CC:" Y) is iy bl dim ¥ ey compovent of
fia0 Thim V’i(&) has codim 1
w Xav;

“e; Y itr component o-F U)oV, . 4.)) has dimension dim %Ay, -1- dim¥-1
So Uy NT(VE, -, £-1) haspure dimension dim¥ -1

MAMAAAANAANA AAAAAAAANAS

{u, l\‘n"{w-ﬁ is open cover o{ ‘n"(v(...,) = olim .“-u(v(...)) = ”Pfu:f\ﬂ"fw'"))} - d:m&,-i.



of for the tlaim . Vin T (V(h,--41) € Ui & U & 63af] vor

Vuyeunn' (v, - 4)) , we have axc VA, ) e V.
Hence Ui '(V(£, -6 )) S Y ().

Voo e\ (f) | sine fiex) = 3469 = 4.divo < o,

so () eV (£,4, )NV, |

@) ae X . dm (X = codimyfap

vov

B X=x,UXaU--- UXs are ir. component decmposition.

Tride: Assume a€ X, Vi, If a& Xio, & blow wp 89 tocaldd R 2
IdL x;, T B R X\ X0,

=X UK~k T CaX= GXUCGKRU ~ ULl X
=2 dim Gx = maxdim Ca X;
&V&B rr (ngomen‘f 0{ T\',x:'(ﬁ-) }145 d;méﬂs;on di'ﬂX,’—i
ihl« cone, B) ofim Ma§ha 1

Bverj itr Comporent of C, y. hac dimension dim C%—1 :z@imX;i+1).1
'-—d;mxi

So diq CaX= maxdimax.' = maxdim X; = Codinx fo
local dimension Codimyia} § Cover a GG irr comp. *kii%*&_

: - sl g
R T(a) = lfj ﬂl)!, (a) ? Cn'ta) = U C "lx:{A) DGX = U CAXi
(Ctauvs)=caucB) y o
P! complete so Pixx (B —s ¥, s closed, Since % €X xPT Clsey

we have P(X:) closed . Pl'\}" =1, So TM(X;) closed i Xi.
X\a .QF-"Z,(_', = Xi\a irr end X;\a =X; |

7 X=X eM(K) = acn (%) Ty g
= xi\a g M(x) ?&XHC(-TI;,.M)) is welldef

—nll

closee

» Blowing up Al & extend mor.

*X:afl. var, Consider f: U —> P where V< X\V(£, -, fr)
x+—> (i) : --~:f,(x)) .

We can extend it afier blowing up. X is the blow up of X at<f, -, f
F:X—p™' is PVOicc-l-ian(')'(’g_)( x[Pr-) with 'r’u-';f. f is the extension

A P x )P blown Up in One point (s iso 7o P* blow up in two points.

* Tangent space and +an3@nt cone

i) We can approximate O var;efy b'/ 1andem+ wne,c;j. ¥
“IBut in DHctice ome ofiem wants -to approx’.ma,fe by
® livear space rathey than cone .



‘i)  Tomgent Space - a lFnear space ,fake lingar terms of poly.
"l'mwwr cove : I 7 )inear, take initial terms aF poly_

oDef: Let aeX By choosig aff. nhh ofa, wssume Xc/A" and azo .

Veor

WX .= V(1: fexlx)) s called tangent space 012/( ot a.
‘Fn : /inear term ”‘f{

Note that : © Why we Want k=0 & 0=4€X, @a]'dv feIx) Bfw=o0 Bf fr)=o.
J’% I(x) T {é—‘(j pnly %%1&3 0.

@ TaX=V(f:ferm)= V('F. :-Fe S) where I(x)=<S5)>

VEET(X)=< >, we huve .(.‘;gza.-ﬁi = {=Zai0) (5')1 £ [a;)i. b0y = Za;(o).{@j ?
, €§ v‘g"‘
= e <B)h: e

Q32 y(fifelx), AL V(£:46T) where WD=x.
A4 T AL, Vixy= V(myz 0, 43 V(f.‘#e<x>)‘é‘l'V(f.: fefxt )=V(=%):0
V€< ) V(L fep} ) = Vio=pp
B genemily s & apy
@%ﬂhgau) He. initial term H Xz linear -hrm/i % 6944EL % A Tax 2G X )

#Tangent space is q linear Space tonfa'wi’ fayymt cone .
FE dimTaX > dim X = codimx 507,

o Excellent examples :

X. = V(Aatx) Xo = VOxE-xi=x2 )| Xy=v (%3 -%F)
CoXi=V(x2) CoXa=\lxi-x") CoXz = V()
ToX.:V[ﬁa-.) To Xa = \/(g): AE ToXs = V(o) =/A"

X, = V(‘xz +22) X, = V(x%lfx% —x3) X;= V(I.\% —x3)
TX AN Tt e 203 HAL $1A Tax 2]
23 Gx. tawent cone VX)) 0o LGX ZRAFEY.
1] lveor space,Pfil'A
Rhe 4 a2,

. Tanjm space 8] A {f HE .

Alemmas X S/A off. var.  fz0eX. I@)=<F,-»Tn) SAX)= kCx o3/

R E Y
Then  we have T/1(8)°2 Hom, (Tuy,Kk)

= Hom. (Ta X, k) s fhe dual a’F -mby&m space .
Slogon : vector space TaX dusl +o It [I(a)* .



: ,. “kergz I(a)t ", Rowtine check
f:  Tdea : Check “kero=Tla AT et
Let 1) = Homp (Ta X, k) w,f.sfaﬂp st}

- ® Kere = 1)
‘F ‘_'> 'pl IT'\X

Thdb“é I(ﬂ.) #ebi“i V‘ﬁ% 'gkg‘l Nx)‘.'—'l‘c&,.--,’\n]/l(y) ?
feI0) 8AX) = kTxy-vy »J/ Ux). Feklx, - s%ad, 12354

® C(Fy =? TaX=V({, : feTIlx) ) e, HOMk(T\xl k) £ TaX £ 89 linear Function,
?-f [fnaf po‘(g. &gﬂ& ’Hziﬂ, P'l\’,%'[) ﬁ&*ﬂﬁ liﬂalv P!’ 'F‘ :

y Shpw 7/ wdl-dg{mcd,

- = . TaX=Vlh:hel(x))

Fd\' £‘—3 E.-I[a), it means '["3@ I(X) -F._s'lT“x =0 ___7-{”1."(7_ 9',1“
@y Shw @ is surj  det h€Hm(hx, k) e, fis o livear Lunction on T X
T.XCSA". We extend £ t0a livear {'mc-fion om A" We have TeIma A(x) be Preiog.
> Show  kevtp = T(a)

= M“_J'_l'ﬁg-:\o, Since h'lV({.?{ele))=n , T Eaclaim is feusonable.
Vhe kerp

Clim: 3GEL(X) ¢t g =h.. If the clam is true , then  Y-h has no Const or linear
term. Hence we have T = 5y ¢ 100)?

h'JX'ﬁ 2208 termg .
'( fhe claim : Dimension is My imporiant when cons; der vector Space

let §= {-F‘H:E-I(X)f and W:‘-{l.‘nw forms van'.;ln;;:’ ot TAXf. I sl()lfl'le.[ “+o
Show  S=W/(R) hEWHGER 3,9¢100.) TaX=VIS), so Wa2s. e view
S as  whlinear space of R L%, XuT with olimen sion k, e, thwe’re k linear

equs. So TaX=V(S) has dimension #-k. So dim W= N—(n-k)= k.

dimw=dmS and Scw. So S=w.

Ais alivear +ransformation.

Tax =kev A. vrankd= n- dimkr A= - Cn-k) = k!
2" let T,5elm), then fo §(0)=0 (59 vanish at a<o)

Fr F3el@*, ©{y)=(R), = f)-9,+ 4,909 =0 . So Trc kerv.
A Intrinsic description af tengent space

To obtain intringic de&C'iP‘hon’ we weed -,-nm.‘.ﬁr Alk) +o C9,,‘“_

A/-/ o s ~
For general vaviety would vequire Choice Pef214 in Gathwomn: (9, ,A(X)_m) '
ff d het sends o 4o or4; Besides Uo 75 a locol ring wirh
crfom art. Coori Sen so;‘ ° ; 1 g . Whique mox idea)
(e pomnt com have wovd, tv-M)when ¢ 00.513 an P
;}’Z Pﬂ‘\‘Ch ) Ia = {CU. @) e@,q | e@ :O}

= I(Q’z(a\ = {f , JeIm , feTcw

Ux,o is independent of choice of atf. var.



prop I(a)/I[a)t = L. / I:' -
pf.  VE&TI®), we have fayxo, Trick: s means 75, make sence.

< N9 [1m)y— is an 5o, (quu:nvegy, A1) =Ax(a) is Funclione o a, which i Ic.
h —> ho) varous check i also ensy

Bye
fly 30 0% ,ﬁ‘;)ek = Anclement denoted l’y#in AXI/ 1(0) Corves ponds +o -?%A)Gk

Cloim: To)/Im* = S"A@) /T01") | whore S= AFINIW.

m: Fir an = 'F*'l(l)
f the claim: For any % &S [Tw/Lmr), ie., FEARNIN) =93F AN @ oreaqu

18L 4 da : JeTm/ia)t R EE.
S 7 fmd e 19/1a2) so localization ot S doesn4 change Iw)/I(a)®,
i :! sine e ements e4 S alreu%ly mver tible.

% TaX= (lla)/ 1(‘)1)* = (L‘/ 7y )* where o= @34 =524 s
moximeal ideal '{ a(,., Henee BY s :wkfudm't aft‘\via O{Af{ Pd‘fd

* Smooth
AMotivation —— When CaX and TaX agree.

+anJ@m core (aX : &%) Mot linear , dimension = cotlimy fa) .

éi—aw\?aﬁ cpaee X - Lineav space, dimensiop maj biﬁe/r Coolirmy$al
Hence, we should PQ) oHention +o the case  when two notatims
agree ,ie, X am bt approximeied aroand & By a lingr space whose

dimension 15 Codimy fal,

AM; poimt aeX is called smooth, vvdular or nonsi»@ular if T X=laX,
Oterwie is alled a singuler point oF X.

O aeX is a poni. TEAE
@ O is SmMeoth
W) dmTaX = colimxa

(9] do""\TAx s C'JA'"\X A
P >0k Rk sm= TuX=CaX = dimTaX = dimCaX = codim {0

b g owlm.slg.

SEYQ) %qu 26X =) dimTux 2dimlX= codimyq
TaX ¢ codimya, =2 dimTaX = cooliny=dim (a X

Sineg TaX is i, TaX=GaX.

. Ug&u\ prep: @ smooth, ‘l-]'i‘?gnzt\-ﬁ irv. 53 coveva.

ATaX 2 (L/L,“)* = dimL[I} =dm (]uII:)r: dim TaX = Codimy a
wheve In s the max ideal of local ving (Dga. Ring Cha with this
prop isQlled veqular Lol nng. Hence @ sm=) Uxa veyular=y(%a integrac] dow o
Covmcralie
M‘,.
A Dxe is a domain means the variely is locally ;rr ot every sm Q.[]m..t.“ﬁ)

X 28—+ v comprent Cover @ |

(R Bive conmponendt 2%k s\v:julnr)



o M{. Jocobi crileion  weX Ul Lot T =CFy ~ofe?. Ten X is smoat a
Iff vonkJ 7 n- Codimyn (achally, whtn & sm  vank J=n- Coa‘lmxﬁ)

o, We can olums pssume 0:0 when X off [ Lot y= x-a, & skifr) For ay
generoor {1 , TaX: V(('Fj)i PoyR, —r) . 37 T:,lw expansion, £ ;2‘ %'F,‘,‘. )

Hence TaX ={x\ 5_—?% X -.-.a,v-_"—_i,z,...,r} = kerJ '

R SM) dimkerT=0lim TaX € codimy o, Since dimkerJ= n-rank], rankd=n- coding
CW:) Cor 3>

Note s it's not true for generators {,..% for  XzVUL,0t))
Suppose X=Xlx'.‘) rankJ: tank(2a 0)|, =0 3 2-1=1

o Codimym=l

x

S V(l:u "‘J'Fr) version 0{ jutow\ criterion,
aeX=v(f,-F) I
(@) I-f tonk J >,n-c0dn'mxu ,then @ sm lEiL*Xfi)
O I vwakT=r teagX it om ¥ &
T B {cod«'mxa =n-r,
B = IviJr= 1P
(W extend generator ], -ty +o 5umteyrf JT= Ivdh=1
as b "‘)"‘"r,'rm, > »{; .

. 9 3 o
Thea rank L?-a%'-) > vrank ’aix') =vankJ 2 "-codimya = g s
1/ 361,53 1/ iel1,TD By assumplion)
el delrm]

) Cﬂdimxﬁ = Max dimX; . Trik : Xz U{,-, ‘{r) > Viw WP'M has dimension

%o n-r,
N - . By &
So colimya an—iv‘méad:mxa Z2n- rmka;_;:z) rankJ z N— codimx & & asm
&
ka(:__fa_ > mnk ?—{J-) Z n-(odimxu, = rm[K( (,5-'.] = 1~ cods
1/sxn 7 X hxn 7 K b i
N Codimy0 D codimedr= n-v

% Relation between T4, 5 3% =8

ne X= VI, -, 4r) Wik rw (T =1 . So we Can view X as a Graph

‘{ Comtinously d;ﬂ"”‘i"'able ‘Func-ﬂov{( i+ doesnt have Corners’) . The {vlhﬁrj

coamph Show difference betweem. Lmplicit Function Hhm . -

Erp: fOmxa)=xa-% . Vi) a6 (1,1) s om [rank (2 Y)=1=2- Cotbmya =1
But Eoumy=o cannot be solwd for X1 by & veqular funchion — It Ow only
Solved by wrtinous functin %, = I%,



e B“’W"ﬁ up makes sigular Twn‘ls "Yicer "
Consider X :V(xi-¥1) OWeive prw 0€X singulor. (TXAGX)

@ rank(-3%" 2%) 7 2-1=1 & Pumyemo
e So A is sm at x>0,

( Consider blw up X on of{. patch -{((xux.x),(lz&))} , by Exel2
” X s goom by Vigows) where 9zgl-x (20 ) i,

l” ~ = (= o)
A? 30 X iS Smat @.
~ ' L
SloJM: Good blow up remove ol a(,ulaﬂhes.

« Projective version Jacobicriderion. (Same as aff version )
o
L=, ofe> Thm X is smat € & T (ne) madrix é*s“’);,-
hes Tank 2 n-codipyq

akyp: Fermatr hypersurfwe. X=\p (x4 e+ 20d) cp.
X is sm fr al nd, k.

J= [dx,"' JX:‘") )
0 1F charktol , TaukT=4. X is sm.
W I chark |d. Lot char k=p and fay {d'-"ka ‘

dtk
Sime 34 4xd = (xoh"' et x”k)lﬁ') we have IfX)= Gt """""kz

:r-‘— (hxh.' o0 o k\(nh-') . St) l’-ka:i.X is sm,

o J

e The sot a{l sm pfs in avuﬁefg X is open
Slept: aeX sm, we wis tHere isa nbh of which all pis in it are em,
%Tdea: % N§o éﬁﬁfiiﬂ&b s»\,mgg_ﬁf_ﬂ,ﬂ zeENSD xiﬁ,&ﬁé’-‘f?
& sm = 7\4‘»1;_ irr aﬁ omponent cover a,iL{FU

Soy 1((/): <4, "';'F\J. So kj Jacobi Criterion , let J=2 ot

B

kT > n-codimya <> (n —codimya) — inors  with Oledermnant
Unzery,

e
Olet £0 ’gﬁ‘%ﬁf (wite as D), whee De-y s anopen wt)
Step 2 : 2.2t ﬂﬂleﬁ»ﬁ sm pts, Skath:ﬁift?l h\/pu'wﬁte H‘Vf



