Stable homatopy Hhepry l

_§S1‘able s a Phenomemon in homotopy -theog .

[Eer S"" has pm)-1 [:uearb independent' vector f;elds )

P(n) is Compufed lfj Expressing n Qs n=(20+1)2" and b= ct4d with osc<¢
then setting P(n)= X°+8d.

LExp] There is iso = e (MSD(mM)) for m>nrd

In obove two examples, smthivg holol's /occurs n all sa{f:c:enfly luae dimension.
The Mean.irt, of "S‘uﬁicimﬂ lﬂgz" uswd\ly alepends on the Connectivity of spaces.
The fvllvwig is an e.xa.mpl&_

[Construction] 5 : [X,¥1—>[5X%, Y]

CE:x2Y]—> [1af:StAX = S'AY]
[De{".\ When suspension 5: X, YI—=I[8X,5Y] s on iso, maps in
CX,YJ are called Stable .

[Thm] 1f Y is n-1—connected, then Z, is { SurJ. dim X =an-|

Bu’j_ dimx<2an-
CExp ] CUse this example 4o vemember #-1,3n-1 in above thwm)

3 = 4 M= s¥,st1=72A.
3_L§»§’]-z~;, Ef S‘] Z/x, [S.5%]=2/
-~ ncy 4emq w3

So L:[§35%] - [s%8%] s suj omd
S:[8% s3] —= [S5,54] s bij
[(Rek] We've said the esning af "Suﬁ[iciwy (4'309 oleperds on comnectivity.

I+ meong :

[X,Y]1 = [ZX,EY] — [2X, Z(] >~ —= [Z%z*Y] %[’_5"”)(/2“9

@) 2t O [RCINN Y is0s)

Thés  oceurs because :
Let X be m—conneeted ond  be n—connected.
Zh)( is wmele —connected ool St @ (V:fl-)-Connec-reJ
ml, < 2(ntk)-1 holds for all sufffdeo\ﬂ\lj (wae k

HGV\CC [ZKX)ZFY] _Z_) [Zb-nx’ Zlv-ﬂ Yj 1S (Sp ‘[OV all SUHEUM‘I\” |ur3ek
W\ol Clan!l’ Sy depenols on cmne_cﬁu'uﬂ/ M and n.




§ Spectra
Bic +: A useful tool for study stable phemomena in homotopy theovy
’ 3 f«c*ure {In Cat Of SPecfr'a. ’ susFe,nsion s an e,gw‘ua.leacg

[Def] A spettrum E is a seq. 0{ spaces fEnE.zwith a base point together with
MQPS Cn: Z‘Evn =) En+| .

[Rwk] Index n way vavy over Z»o

rfahs'truc-fionJBy udjumvlion , E“:Z_,E"_;E.,ﬂ adjoiwl: to E,(.'E.,.—)_Q,Em., . ]'_f En s
connected, o (En) is connected in SLEunn, ie., €(En) lies in the connected
c.ompﬂn&nt' cavrraining base point.

ED&fJ Dencte SwEnn be the connected component of NEn+ mﬂm’@ base point .

Then €n(En) lies in o Ensi l‘f En is wnnected.

[Def] Let E,F be two Spectra . A map o{: dearee r befween Spectra E and F
ore & seq of maps f,:En— Fa-r st

5B T, s

8"1 J,E"" d"“d"“-m commuteg sirlcf{y,

A map a{ tlegree 0 f:E>F is also coled a map betveen spectva.
*Omega spectra ;
[Dof] Spectra where & oare weak equiv are called omega spectra.

E,ExP] Ei|¢y|b¢r5— Maclane spectrum for 9P w, denoted by Hm, is an omeqga spectr,
* Thom spectra: MO, MU, MSD, - -

[Def] Let E— X be avector bdl with Continously varying norm on the fibers.
let D(E)::;eeellelsif , S(E)=feef| le(=1f = Let Th(E):=DE)/S(E) be
the Thom space of E.
[fact ] Let X be a compact CW- complex, £—>X be vector bdd. Th(E) is
homotopy eguiv to Et, the one pt compa&t«'f:‘ca.f:ian af E.
LProp] Let 1 be the trivial veal vector bell ﬂf rank 1 on X. Then

Th1®FE ) = stATHE) = 23 Th(E)
pf: CFact] By chvos'mj o sup metric, Di1 ®E)= (2,11 *D(E)
S(LOE)= 2 D(1OF) = §0,43% DE) U (2,11 % dD(E) = §0,4§% D(E) V [9,1] % S(E)
Then Th(®E)= RA%E) _ 1o,13%p(E)

$(48E) $0,4% D(E) V [2,1] x S(E)

SixD(E)
¥ xD(E)|) sixS(E)

—



S*x Th(g)

= xXThEUsix *
= S'xTh(E) .
mevs C S*ATh(E)
[Constvuction ( Spectrum MO)
EO(n)
Let l&. be the universal bdl
Bo(n)

Then oy seo] n-vector bdl over VY is a pull bocek af £ under \(— BOmw.

1®%, s a veal (y)-vec bdl over BOn) with f:1@2,— 4y,
19 E0(n) —— £om+1)

2@ | [ Applying Tn , we have a map
BAtn) —— BO(n+1) Ei=d: TRIZO%)>ThiS,)
& This,)

D@{me a spectrum MO with nth space Thes,) ermd  stvucture mop
Cn: Th(iegn)—?-’—h(';nﬂ)

CConstruction] ( Spectrum MU )
let 1 be 4vivial complex vector bdl of rank 1.
Yot Fn: EUn)— BU(n) be universal bell over BuULR). AMl@ousclj’

(MV), ;= Th(3a) since Suis a veal 2n—vect boll.
(MU)ny = Z3Th(Bn) . The strutture maps are
3: Th(sn) — ZTh(5n) and STh($,)=Th(E®E)> Th(%,.)

CConstruction] (Space MU)

IJf 5 is on equiv , we can comstruct a spectrum MU by MUn= 2" Th(z,)
with Str map gn.
There s & nonical MQ‘P:

MU,., 25" Th(Fn ) ¥ Z7 Th( S0, ©1) fa, 5 Th( Bn) = MU
Hence we can defme Space MU = Colim MU .



$ Stable komo'lopy ot

eThe mor in stoble lwmotopy cat are Smﬂ\ivg like homo fopy classes o# maps of spectra.
e There are many Constructions of stable homa'topymt, here we provide on@ s onsinte

bc’ :OForm o cat of spectra. @ Change mops to someih:ng like howmotopy e lasses of maps.
o drowpacks of this construction of stable Iroma’rapy cat : Stable hameaPy it
needs asspciative anod commutative smash product, but in siep © af our

consiruction, we stert from a caf of spectra which oloesnt admit ap
ass. anol omm. A .

[Pef1 E is a O -spectrum f {En is @ CW complex with base point
€ SE, —> En+t IS o iSO _{mz& to @
Subcomplex of En+i
CFagt] We hawe Spectrum version of Whiteheod thm: any Spectum is
Weakly equiv to a CW-spectrum.

Hence, we restrict Qttention to CW -speCtra.

(bef3 (subspectrum) A subs!:ecfrum A pf o CW-Spectrum E is o Spectrum
with AnCEn as a subomplex. A is said to be cofinad in E if for

each n and fnite subcomplex KCEn, 3 m s.t. 5F"K maps into Amen
under canonical map  smg EM'En 5™ 'Epuy e S™E, >+ = Emen
CRmk] For any n, for any kcEn, wmaybe k §AnCE. . But we shdy somsthing
occur for ol suff:c:mty la@e d@ree_, which Weans we omly veguire 3m

St Z"En —>Emen trkes Mk to Amen -

ﬂB»E"
[Rmk] 3Im si Z-T,.E-.‘aEwn , then for any kzm, we hawe f,; )
Sk — Amm z'l‘k'ﬁAhm
For example, S™Ep —> Emmn,, decompose as  Z(5"En) —> LEmn =S s}
ul Ul ul

z:.ﬂk =2, (Lm k) —>3, AM’I — Ammﬂ

[Prop] Tntersec tion of co{:nal Subspecfmm is a cofinal subspectrum .
Pf: Let- A, BSE be two Cofinal subspectra. A,0B, < E.
for MC‘J n ond k_C_Ev\, Ams,mp st Z'MAk__’A"hfn ond "8 K — B,

zrn -
Pick m:max{ma, mg} , we hawve sPk—> A, , Z"k =By, so
z-‘hk__,(AnB)hqn

' v ! "F.
[Pef] Let E'and E"be wo Cofind. suLSwara af E and E/;‘. F be -4wo maps.
E" "
3“3 t and -F”w:& equiv f 3 a cofimal subspectrum E™ contained E'ond E"
s't. {,'E“‘ = -F ’El“



(Rmk) The relodion ' equiv to f"is an equiv relation.
®Simce E'SE'is a cofinal subspectun, f'af’ @ fart" > F'2 1, obviously.
@ P —F, fE"=F, $UE"F are twee maps from ofinal subspectrum ELE) E”.
Then 3 cofinal subspectrum B, SE', EnCE" s.t. ”E.." FIE.;.
3 cofimal SubsPecfrum E;;QE”, E <cE™ s.1. f',E,;: f“"E“ .

So y’Eu(\Ea; = f”,E,,(lE,, = f“'IE"nE‘J = f"" {m

[Def] An equiv class of a map from a cofinal subspectrum of E to F will be

called a pwmop from E to F.

(Rwmk] Avm.lpg to reional map which is ony de{;nepl on the open set of o sp ace.

An equiv closs is defined on cofinal subspe ctrum,

[Exp] Defne $:=575°,ie., $.25"5°=S", called sphere spectrum.

Defne K<$ with knz % for ns2 and Ko =S’ for n23. Let n:8'—>S" te

+he Hopf map. For nxo, £ defines ks = $nys . For n<o kns=*—28u,,
is the unique based map. Ka is a cofinal subspectrum , anol these maps ove

pmap of degree 1 fom P 10 3,

Cpropl Composition of pmops is well-defined.

PF.- Let f,-E""F be a mapo’f spectra oand F be a Ca{i’nd SlléSfQC'lmm a{ F.
Slepi. Show thee exists a maxima| s'ubspe.e.irm E'cE with £ maps to E-
for {.:Ea—F., T a Mmaximal (W cm{)hx Ed st £ (E)) ¢ F;,,  To Show
We claim (E_')”_E'.l with Sir map be restriction from £ s a Spectrum.

Tndeed, since f it o map of ectra , we have
Lk sE 2,
J 5h) p. e £.(SE) maps to Kl by community.
Since Enp, is the maximal complex ihat can
maps to Fy, , we have €, (SEy) mops to Eni,
-€.) Yestriction on St S,: SE — & S well.-otef:ned,

Y Z'F"’E?FM'
2h —Jr,
Hence E' is the moaximal spec trum that maps 1o the  given Subsrgctnm cC'
€1EB).. Show E' i (ofmd
For K SEp be a finite (W complex, K is ompact. So ‘f(k) is Compact and thus
is contained in a finite CW complex K in F," . F is cofinal, so am st
zmkF WlﬂtPS to Fh;rn u'\d“ maP Z‘th'ﬁFﬂH’n ’ w;lhm‘ sz"-z_'_)E

n+m
we have £'(Z"k) map s to Foem , i-e. Z"}F _>FJ'

€(="K)E Epym - Hence E'is co{'mal. 8K —=— Foum

/’



Step3. Show composition rf pmap is well-de fined. ( ;If'm;r has same nofation but

meanh.‘g .

let f:E—>F, 9:F=>H be two pmaps defined on cofmal E',F’ respective(y .
So f, Written as :r:E"'i’Fl s G map between spectra,

- Then we can use step1kstep2, 3 a Cofinal subspecrum £°of £,
s4. E" maps to £* under £. Its easy 1o show cofmal subspectnom of 4 cofimal Subspectum

is & cofinal subspemwn , So

E" & a caﬁmt sub:PmruM of £ that maps to F’ . Hence gf defimedon E£” is
woll-ak{ined-
[Consfmction]CHomofopy closs oF o PMAP)
X¢:= Xl #, o disfoint union of a pt . Define spectrum CyLlE) by
CyllE)n:= (0,134 A En with str mops  S'A l::;:c,/\ En— Co’f""?af&“
wWhich. is the composition StA (0,11, AEy — [0:1]4 A §7A By —09:10, A By
Define 1,: E — Cyl(E) ly (ioh : En % 10},AE,&—> [0, 11, A En
ond i E —GLE) by (a: En T #thaE <> [0 114AE,

Two pmaps F,9:E >F are homotopic if 3 pmap H:GylE)—™F st.
Hto=§ ond Hi=9 . It can be proved it's o equiv telotionship.

[De%] A mor E—F in the stable homotopy cat -frm o CW-spectrum E to F
is @ homotopy class of pmaps. A mor of degree 1 is a homotopy class

of o degree + pmap. Dewote LE,F] be mors from E +o F i stable
homotopy car ond let [E,F], olenote wmors of olegree r.

[Rwk] We'll see [E°X,HZ], 2H(X,Z ). mors of degree. v appear in
Cohomologg.

8§ Generulized Cohoma/ogy

[lemma] Let F be any spectrum. For X a finite CW- complex there is @ natural
identi fication [s%x F73, = colim[£'"X, Fn]

B&forc prove this lemma, we use it to prove :

CProP For X a finite CW-complex, there is o natwral iso [Z¥X, HZ1,=H"X; 2)
pf: =%z, = tolim [2277X, K(Z2,n)]

= clm[ 2 x , K(z,nn)]

=cdim [ x , k(2,r)]'= H(x;2)



CRwk] The remson or Chv_l’az [sr"x, kK(2z/n)]= ﬁ’_,l'g LZ'X, k(Z, n1r)] is quite subtle .
Map(z:'x, k(2.n4r)) 2 Map (EZ."")(, k(Z,nfrD a Mqo (Z.""X,D.rk[ 2, har ))

> Map (77X, l<(2,n))
Apply To, we hawe [ X,k (Z,ntn)]= [ =X, k(2,n)] . This iso compatible

with wl-‘m yymfs , So ﬁo_f:"[ Z"Xlk(z)n,'.r):l;(a{;’yz [Zn-r)(J k[Z,n)J_

Clemma] Let F be any spectrum. For X a finite CW- complex there is a natural
identi fication [s%x F73 = colim [SM"X,F.] .

(-,
where the colimit map is [, Fo] 22 [£7"'%, ZR.] SLE"X, Fan]

PF’ Ldeq: Construct iso between [Z%X,F]r and ag_’j:t [&"™x,R], since its
difficult to prove by wwiversal prop.

Stepl. Define @ : [£™7X, F.] — [Z*X.F],
[f:2"X->F]— 7
Gven [™V:5™x SF,, we want to d&f'me
a pmap from 5¥x to F, Firstly, we defie E'CS%X be a cofmal, subspectnm
E’m’?{Z”X mantr w‘th Sir m“P €n { str map °{ S¥X m3ner
*

unique based My mener
M<ntr

For any KeE™y , ZTEK), — (E%X)epnr = Elernsr . hence
Z\Mrk m“PS +4 E(,'-rmr [w,v 40 E’ be;;:j a cofma( :ubsPecfrum .

D‘f"‘e a pmap ‘R,(fw)-'z-mx —F 0+ dﬁrec r de{inal on E S {c':llow;@.-
When ym >ntr, Em' —F,., s Z“)(—-)Fm_r de{imed by composition

SMX = Z."‘ e sy >290aF NN Z:n- h-r = e, z:ﬂ-h-r-—r
- n —>

Fnﬂ —* - Fn-r

When mcn+r E..,',-—> By (S ¥—> Fm.y, ¢ the unigue based ma,o.

Fivml'?: we show that if £, " shx—sF, are homotopic,
we want to shw @, (") homotepic to @ (f' ™) .

let H: Z™XxI — FE, be kom-}opy with H(-,o0)= -F'"r, H(-, 1)= f'mr_



[ad

We can fewvite homotopy H:S™Xx1,~—>Fa with HA(~o)=F"" , AC2)=§"",
A(ZX™"x #)=%. So A(sx™ vI,) = H(EX"xx) UH(*xI,)=0uxz*
Thus we have homatopy H: Z™"x x1, [E"%v1, = SXAT, = T

" Z""H
D&fine "lth"te the w»’oasiﬁm war:z_‘")(/\]_*————’z,n’nFn—’ Fm , this (s
0. degree T map Y¥: Cyl(Z¥X) =>F. Obviously % 4o = @,(f™") , ¥i,= @ (7).

tom-}f

Ymer Tompe + g p5™K S T, A STX B ¢,

wh
=H N\ ):."'"‘F.,,/

~M-N WtV
_!.'

@y . srX= LT 8N =7 55" — F

So iz @ (f) . Similadly ¥ GlFT) L So @ (£~ B (f™)

S@El Defne & map g e‘ﬂ‘_":n [Z"X, A1 = [E%F), and show if% wdl-k/incd.
We view olmL 2" %,Fu] be U E"% Fl/~ where £~ C-. 235 C{ )
De{‘me’ 9.‘ EOI?M[Z’HV ><>Fﬂ] _‘9[5.0)(' FJr

"I — g, (™)

L&t {_‘mrf\ = - s..].z. ‘_Fvu-r) .
(7} (-F“V“) is a fmn? d EMJ on Cof'ma/L s»bspectmm E" with

E" = My :a havel Puny (7] ___{ "X =F..-, M3 ntry
» < nartl vhigue based ma{; M < nare|
where "X — Far is: Gl phsiey

Erixe g ey LR e
Sine E- @“({n-ﬂ)
FoE" s Cori-wl subsretfm.m nfE'ﬂE"
E." (pw({mm) / {W.t.s, CPn(fmr”E,, = %H(fmmr)IE“: @, [fvm-w)

Z @alf") equads +o @, (f*"*) as pmeps.



TmX va er z:'"x 2‘_\"' X

"Ny

mef o 0tV e L men-r -

1R s = | S l; e l}‘_. £
IR gewer TR -» Seerrg

s 0 s I
Zﬂl-n-l-vF Fﬂfl Fm-r

l .: fruer LP" ﬁ[mv)

Fm'r wetr

we tind ved part are e same. o 'Pn(f ) eg,ual_s

(?vm ('FH") ‘-?,..,. (fnﬂ -rr) as a P”‘“f’ .

Step3 Show 0: @lm [ZM"X,F]—> [Z¥GF], is sury

Let ge[z,”x, F]v be a -Funciion ’{ sPecfra. of dzdwe de{hud on ca{;'nal subcrecfmn
ke £¥X.

ldea: View (5&/21 L[S X, ] 25 a union vf equiy class . To f-‘m/ 'PYBC'MJQ
n 5t, it Suﬂicese +o '[l'”d Q ne?rcsmt &hm&m‘; in [2.“".)() E-\] fw some wm,

Since X is a finite complex, X €€%X), is a fimnite cubcmnflex, Sinte k is cofmad
subspectum of £®X, Am st SN ¢ Km. Hence 9, K —>Fov has
festriction 3,,,[th (S X—=E,, e[ Fny].
Lt suﬁices o show 0 (3l smy) =9 -
By de{miiion/ 9(3,,,[2..,,()! is

g

TEX= ghom smy T TEX shemp o [er
Snce g,z—;ﬂx»r— (S a tunction af SPeLtrum o-{ dar&& r, we have
s sy S S
Z.Mg...\\ l,9k L. i 9[9,,]:.,()1‘ So Gz O(9mlgny ),
M e —> By > 9= 0% [smy)
Stepd Show 6 is inj].  Tdea: Replaze X by Gyllx).

. % wiv =0 ]
Su [)PDSC P : Cg_l,zt['is :_:)‘Fn—.l "’;‘E’L X, F'Jl‘ with g [-F,) fvpch .

£ — Gf-F.)

So there exists GIC=*X) BF with Hi=6f), Hi =0f) .



By sep3, we hawve 6" colim [ 57" Cyl(x), Fn]— [ Z&GyLLX) , F,
. . [

S sury. [ Gyicz=~x), F1],

So IH'&¢lmpsrlylin), F] st B'(H)=H. Denote How be e repregoman
element in [E"CyLx) ) Fmy]. Same notaotion as (o)m ond @ )m,

H»: :ZMQLD(J%FN_' 'S ‘Im'hpy between ['ro)m omd ((')m .

[Notagion ] Let CW odenote the ot d{ CW -complexes and Ab denote the
cat of ab 97ps.

ED@f] A +educed ca/zomology Thcog on CW is a se. o{ funcrar.s

e:ew —Ab together with naturel iso e"(x) = e"'IX st
4 If f9:X>Y ore homotopic , Then etf)= e™g) : €"(x) —> e (Y)

2. For each inclusion AcsX in CW, the seg e"(X/A) — e”(X) = EA)
is exact,

3, For X=VuX., with inclusion 2a:Xa — X, theye exists a product
moap TI1g:en(X) — U&"(Xa)

CThm]( Brown) Let e be a seduced cohomology theory on CW.

Then there exists based spaces En and not iso &'=3[-, En]

so that the spaces En form an Q-spectrum.

[ Rmk] Note that : represewtabi“*y is natural anol spaces £a 'ﬁrm an ﬂ-&f»&cfrwn,
[Rmk] Show spaces En form an £)- spectrum (Er s o weak equiv)

CX,Ep]=eX)z e sx ¥ X5 Emn] =L X, QEm] . By Yoneda lemma
there is an equiv En 2xSLEnn.

L Rmkl Similar as the proof in L2%x,H2]., = H'(X;2), we have [S*X,E].,= e'lx)
Note +hat T° is a functor can.d-‘ng spate to a spectrum, this wmotivates folbwwg.

LDef] Let E be a spectrum, Oefine the genernlized E - o homology of degree
of o spectrum X +o be E'X=[X,El.. .

[ExP'} 1. E=$ , the sphere spectrum. The genera|ized E-Cohomalog}l is
stable cohomo[ag - &'x=[x,E].r

2.Generalized Mo-cohomaladj is called cobordism and 3mmlo‘zeo/
MU -cohomology s called complex cobordism.



§ Homotopy groups cnd weak equivalences

CDef) Let E be a spectrum. Define the homotopy grps of E by
T[,r(E) 8= &?’lim Erfn En
wherc maPS in the alim.it are TCrenEyy, — Tlrymay En-n
[SN".LE..]H [Z.Sf-rui; E, -Q,EW,,J

C(Fact] X = [$ ))(Jr
CRmk] The spirit o'f ot Hnea@ (s QMOrPhisrns are more .‘mPor'L'an;b'f
T X 2 [, X1r , EX)=LX, E]., , we vepre cept g7ps by MorpltiSMS.'
[Ex?]ﬂc.& [SP,8], are stuble homo-bop\/ arPs afsphore.s,

2. TLaMO ), is the grp of Compact oriented m mf of olim n

up to the bordism equiv.

[Thm] Let E—F be a function of spectra inducing an iso on Ty,
Then for any CW spectrum X the map [x,El, 2 LX,F], is a 3jj. =

Be‘Fore prove this [Thm]. let's cee & [Covo] af it {irs-r.

[Cora] A of' aw sPecfra, that induces an igo ON Tue S &N (S0
in the stable hmvbopy cat,

Pf: Tdea : Reduce -pmaP to a -ﬁmcﬁon 01[ spectra ond use hm] .

let §:E—=F be a pmap afcw specira defined on cofinal subspectnum E'SE.

Then §:E'—F s a function of specira. By [thm], fXJE'th:»[x,FJ., ‘s

a big for any X. £

©Take X=F . [F, E'lr=>IF.F]. is bij. Hew for [ide [F,F], , 30a] eCF, €1,

4. [F9)=[id). [9] is Tepvesenied l@ Y:F>FE', a pmap de{:ned on cofinal F'SF .

@ Take X:E') [E’,E']r—:-—)[E';F]r S bg- Consider 5{:5'—)5'.

['F‘Qf)k[(‘ﬁj){] * [‘Fﬂff] -'-EfJ. Since [Foid]=cf1 ond +he ing rf map, we obtvin

Yfi=lid] . Hence {[fjtgj--cfo‘l
C9)tfi=Cid] ~

men,m'y that [fl iS iso in stable hom.afbpy ced



CAmk] Replace pmap with function is also rue:

A function of' av SPecfra that induces an igo On Tue S an (o
in the stable homotopy cap, Indeed , if function f:E—>F induces iso
on Tuu, by CThm] we have [x,E]-fes [x,Fl, is bj for ¥ X . So by
Yoneda's Lemma, EL5F is an equiv, which is an iso in Stable
hmoivpy Cot. 7

The femain part will prove above [Thm]. We need to prove o lob of
Lemmas and use the Adam’s technigue — induction on stable cels.

[befl Lot C danote the set of cells o CWemplex En. The stable cels are
C=colimCG Where map in colimit is inducecl lw € :ZEy —Enn .

h-ye0

[Facs] E' is cofinal subspectnim of E iff the map of stable cells is bijection.

[Lemmal 1f E<F is an mclusion O'r (W spectra and E is not cofinal,

Then 3 subspectium J of F with ECISF ond J contains exactly one
more Stable cell than E.

pf: Since E /s nat Cafmal,, d a stable CC’.” o]c F that doegn't contnined

in E. Soy this cell has o representotion CEF, for some n.

Since c is contained m finite subcomplex of £, there exist finite ~subcomplexes
Of F, centainin g stable cells vpt contained in £. We pick such f.'nife
subcomplex Kk with fewest number of cels. By minimality, K has only one
cidl that doesn’t contained in E, olenoied ly c’. Write k=LVc' wher
cdls in L are stable C8”S contoined in E. Sivee L s 'f‘mifd Complcx, dm

st 2"l ¢ vam.

Let  Ji=Eyzic’ for izntm and Jj=Ei for ichem, this i +he
construction of J admiis requirement.



& Suspension is an equivalence

let E be a CW spectrum.
[Defl The fake suspemsion ZpE of E is the CW spettrum with spaces (5E)a=S*AEs

and str maps I(ZE)n=S*NS*NE, 2450 $ABw= (5, E)pe,

LOef) Let Z'E be the (W spectnum with paces ('), = £, , and str mops
ZEE) = SEn 25 Ep = (SE)s,

CPropl There owe nat. iso. in the stable homotopy cat between

1. Eand Z'Z4E 2. F and 2¢L°E
LRmk] This shows &p can be inverced. The inverse af Sp is &7, If we how
S equiv to ¢, then £, has inverse 7.

pf:

Slepl. Show Z'3;E XS Z7E, and thus £ ond 2 in Lprop] are cquivalent.
(B724E)p= (2¢E)p., = SN Bney
(ZFZ-'E)" = StA [Z.-'E)n =S'AE,._,
Gmpute St map TE'NE),  (2I%E),, : Let X=ziE
28X — £7'%),
0

5 Xna — X,
£n,'

} D &"24E8), =(2.427E),

where g, s sir map of spectrum X

sll"l $ z@,&)"_' _5(sz)~

n n s So the nth str Of S°S ;
et ; map FE is 148,
FASTAEm TR S AL

Compute str map S(X5E) — E2'E),,, . let Y:=s5"r

Z(Sf Yo — (zf Y)nf )

) where is @i friem
SASAY, — $*AYnn o e P Df tPee Y
1 Aqn

"n’le"E)nd(Z"E)H, iS Eney . Wb S0 the nth sfrrnafof L2E
is 4 A Sny .

Hence we have canonicol iso S'SiE ¢ 5;57E. Hence, i+ suffies +o pove SISEcE

loea: Recdl ([(Thm]: If function of spectra imluciyg S0 on rbu—,'rhe"_
for cw spectrum, [X, Ely = LX,F]r is a bijection. This means E iso 2o F
in Stable homotopy cat. In our case, it suffies to construct o map
SIS E—E induces iso on TLy .




Stepa. Gonstruct §: 'Z4E —E  and inverse a‘f o (f) .

Let fn . (Z-‘Zfﬁ)": ZnEvH — En d&fmw{' t be S"" . the sir
mop v’f E. Thea we hawe Tor(f): Ty SSLE—2NvE, where
Tr 'L E = C:_l’;;'; ITner [zisz),, = cho_l’lz Tpner ZEney  and TLrE-:c:_l"‘vz Tosr En

Suspension indutes a map Tinw_, En-q —> Tonyr ZE...,

This m“f’ indxces @ mMap between colimit as -[‘ollowzrg.-

Tlnev - Eh-l ——> Tln4r En

N S

‘;?_!’::' Rnirs Eny - Thae' exists

¢: Col;hn" v. Ev...q Cd"m Em-»v 25‘_
Tnr3 En- Thhary 2L En o W20 '

R TE—> T, 55, E

ﬁﬁp&. Shew @ and T(f) ave iwerse.
LFact] Given @ diagmm
The wpward and down ward arrows

e A For oo
/ \ /' mduce naturel nverse isp
B, olimAa = colimB.,

Bort

In our case we have An= TCher E, andl Bn = Tlpyr 2, En, , andf

Qrvows

-+ An Aney .-

mﬂ/ Yj / . By [Fact], Tuth ond ¢,

B . mduce natural inverse iso
- Tor E = ﬂ'orZ.‘Z.fE

EDe-f] Define Spectrum  LE whose nth space s S*AEn and str mops

S*A SIAE, AL S S'ASAE, 2R stag,,, = (EE),,
wheve t: s'AS'— s'AS' s the swap.

[Pwp] Theve s nat iso in the stable hamotvpy cat between ZfE and 5 &

[Rmk] Whether ov not swap S* doesn4 imapact J&{ini-lion.
Be,fam prove this prop, we see Some Corbllm'y f‘- vst,



[Covo] ( Peplace ¢ by =, in above prop) There oure nat. iso. in the stable
homotopy cat between 1. E and ='SE 2. Fond XLE

CCorp® SusPen.sion Z,:[E,FJ*——PEZE,&FJu- induces a b\ijecﬁon.

p{: We have 6y [s'SE,E5F]y =[E,F], since =Z'5E2E,s 'S F=F.
Pefine o map 57 [ %, Y] — [=%,57Y]

for—— fL=4f

'cn‘— —->

> 1nfy
T [E,F]*-—-s——é[?__pEJZF]*
su\ %
| [£5%E,57'5F ),
'l,.-‘-i/\f.‘-. = 9,;’-1’\{'\-)
Hence the diagram commutes,
|enolir3 to &' s inwerse o 2. B

Fina% Ccomes the p’f‘oof for Cpropy:
(prop] There s nat iso in the stable lwmotopy cat between 5cE and SE
To prove this, we use S*-spectrum .

CDef1 An S‘-spemum is oL seq o{-’ spaces Xn With n in Z ‘ogether with str maps
$2A My — Xa+

LRmk] S*-spectrum is NOT a spectrum. We an call previors spectrum as S - spec trum,
COmsiruction] 1. Every specium E alefermmes a S*-spectrum RCE).

RE), = E,, with str map S*AR(E)y=S WL, 59 S'ASTAE, 1450 /\E»m&"" Eaniy= RE),
2 Every S*-spectrum X oletermines a spectum L(X).
{Lm* Xie with sir map §*A LX), = SiAX, = LRI Xk = L02ya)

L(x)u-ﬂ Sﬂ'I\Xg {
SL/\ L(Y)lk-ﬂ =SIASINYXk =5 /\Xg —> Xy
3. LR(E) is a spectrum with

i SALREL, S*ALRE),,,
LRIE),, = RiElx = Eax with str { SUAEw %> 5% Eu

S°A REW = S'n Exy STASIA B L08, g1ng,, S, Eunea =LRE)
SAL R[N, t
4 LRE) —> E is a function which is identity in evenly indexed levels and the
str map S'AEan — Eanet in oold levals.

Claim ; LR(E) —=E is an iso in stable homotopy cat.



pfo{- the claim: 1t suffices to show LR(E)—E imduces iso on M.

Note that given diagram CpAn TP Ay

snl ,..‘1 induces iso CollmAn tc:_’llnB,,
s B’I_’ &..', eve e it

Hence,to show 1y LRIE)—>T-E s iso, it suffices to Show

Tonw LRIE)y ——> Tnw En &t each degree. For n:=2k , its @, cid)=id,
wl\{ch 'S an  sp. For Nn=2k+1 , it’s nmr(&k) ’ W}MZ}L s also an 80.

a
prof for dhe Cpropl:

CFact] If R(SE) and RISE) are iso in the cat p% 8- specirum, then
S¢E and 5E are iso in stable hmo'bfy fheo»y.
R(Z:E), = [5:E),, = S*AE
¥5)n = Bt El T} Rex) = Rzpn
R(ZE), = (ZE),,, = S*AEan

str map of RisiE): 5/\ Ri5E), —> R(ZE)ns \

e, _, 1ASan
s’/\(:qE)u = s*A(s'A En)z S‘AS'A@'AE“)‘Q'——”) §'as Aﬁa.,.—-"é'/\E,..,,
str map 4 R(ZE): S*AR(SE)p = R(SE)ny, s
1
SAR(SE)n= §'AsE),, 2 SIS A(SAE 1) > $'A 8'ASAE, L6 ' 8 A By

. AnLan 1TA1
R(ZBh,= S'AEsnn 4——"8'/\5'/\5.;.."--

Hence  str maps are al.’ffer % the comfosih‘on o-{ TWO swaeps on siasta gt
The Compasifc'm of +wo sweps has 1he olfgrae (-)X =1, so there s a honwtupy
between +wo str maps. Define S*-spectrum H whose nth space s REE) Alo, 1],

M sir mﬁfs s"AR[:,E),‘ [\LD,',’[]’. "ﬂ!—) (RSE)M,H (RZIE)",“ AN ;)(RSE)”,A Loaﬂ,p
wWhere the lwm"’ry ‘.S"I\R (SEm N[0, 1], hemelopy LR:'E)vm ’

is the hommotopy between
ST Maps of RIZ(E) and R(SE),
Lot Gn: R(Z4E), =RIZEW ATl > RIZHE).ALO,1L= Hy
Y, :

RIZE), = RISTE)\Aitl <> RISE)y AL0,1T, =Hh,
DBviously, we hoave comm. diaaram :

st mop S o
SARISEN, — RULE),, S*A R(ZE) —F R(SE).,

NG, l J,¢,,,, 1Y, l Lo l

SAH, ﬂ.‘.ﬁ-} Hn+
So # and Y ore function of S-spectra.
Tasr (RZ(E), — Timer Hn i induced by (RZ4E), A0l <> RISy E)aALo, 1], , Which
i homotopy eguiv Since (011 is cmtractible - So Toner (RZE)y —> Timr Hn is
en i50 . Heme  Tr(RELE) = colim Tuey (RIHE), 2 Colim e Ho = Tr H

S;m:larb, Lr(H) = TLe (RZE). So we hwe o map ARge — RZE  ‘nduces iso
NrlRIE) ZMeRILE) , leaplng 10 SE 2 LE :n stable homotopy cat .



$ Smash products and internal function objects in the stable homotepy ot

CFact) In stable homotopy cat., F(XAY,2)=FCX,F(Y,2)) where Xx,Y, 2z ane
objects in stable homotopy cat; and F(X,Y)= Map, (X, Y)
LRk] FIX, YY) is called internal function Dbject.

[prop] ZYAAT®B = 5P(AAB)-
pf:  (E°ANS™B), = S'ANS"B = SMANB) .—_(};."’(,csuxs))’l

[Defl let Wbea CW complex and X be a spectnum . Define X AW be a
spectrum whose nth space s (XAW)n = XnAW and  str map
SNl I XNAW = Xnet AW .

[Amk] If X is an obj in stable homotopy cat, we con olso define XAW by taking
amy spectrum represeating X.

CRmk] W—IXAW,Y1 is & 5emmlnzcd Cﬂhﬂw@y "'hto'y The torngsporwb‘ra object
in stable homotopy aat s F(XY),

$§ Cofiber teguences ore the same as fiber sequences.
Similarly as Tops, ihere are cofiber sequences in stble homotopy cat .

Recall: For XNeTope, f:X—Y is a conts, . Reoluced mopping cone T YCX =H(YU(XAD) /o,
whe (x,1)~ ftx) . Very f by a homotopy, Yycx changes by a homotopy equiv.

LConstruction] (Reduced mapping cone of a map in Stble homotopy aaz , YU, CX)

Lot {:X—>Y be a wor in stable homotopy caz. Say fis reprecented by a Afunction
of spectrne {:X'—Y where X (s a cofmal subspectum of X. e can always
wplm:e npresmtirg element v{ homo‘topy class ( wplace l’y a homotopic »uf) s.t.
fr:Xy —Y, s a cellular map.

Define YUCX be the cpectrum whose nith space s Yo Up, X and whose str mops
are LYaU (g = DYLEXAT/n, —> Yoo & YanAT/a,  induced by sir mops of X Y.

Vclr\/ f‘:y @ hcmotopy doesn't ckande_ iso class of Y%CX, hence its well *{:ned.

[Construction] ( spectrwm X/A ) Let i:A—X be inlusion of a closed subspectrum,
Define X/A whose nih space is XafAn and whose str maps are
2-()("'/Am);2'-)(7/2.A.,,—-> Xuet JAne induced by sir map LXn=>Xnm sSince SAn waps
to Ann under the str mop of X.

Since XnU;CAn = Xa/Aw is homotopy cquiv, XU;CA—> XA\ indwces iso on Tisx,
lenaling 42 XUYLA % X/A in stable homotopy eguiv.

[Def] A cofiber seq is any seg equiv to a se_q_of the form X—f-»Y-iéTUpCX

Lpropl For each Z, the seg [ YU (X, Z] — LY, Z]— [ % 2] is exact .
o: Dente XEry > \ycx , thea CYUex, 21 LY, 2] 0%2]

ot R — R{ — kbt
cinee X5 Yyex is null, so RES s null, leading to < Tmeker”



To prove “kerc Im”, lot §:Y—Z defined on cofimel subspecrum Y’ st. 9 is wall in [x,23
Sad 3'f is defined as function on X' and ther i homatopy H: x'Al0,17, > Z, giving a

ho matopy between of amd comst map. let V'be o cofmal subspecinum of Y ther |
cntaining f(X'), then we have feduced mapping cone  Y"UpCx'= Y AL fx'a 913/t 45~ fem
Since H(x,1)=9ftx), 0 H:xALL1L,—2Z and 9 :Y" 52 induces a

map gUH:Y"Uscx'— Z, . wrne(dan)f, =3

[Fact] (YU LX)ty = TX
C Construction] @"‘V mop Con be extended to & cofiber seq,part 1 )

Let f:X—Y be a mor in stable htmwtopy cat. We can extend Xx-55Y to the ryht
as following :  X-Ls¥ 4> Yy ax — (YU u Y = DY = 2lYyex)» 53X > - O
i

all thee term seg ove cofiber seq. =X

Cprop] Desuspension 5 e suspension X, preserve cofiber ceq.
f.  Let X Eo\ oYU cx be a cofiber seg. Apply = to it, we have

ux Zh sy E->E.C‘(U,,cx).-_- SYY CzX , so it's & cofiber seg. Similar me for 7.

[Comgtruction] (Any map can be extended to @ cofiber seq,part Ir)

Since desuspension 5 preserves cofiber seq , we opply 57 to (1)
six I, 5y — Y Ux) — LIEX— ELY —» Z'S(YYex) > STEEX - -
7] 0

X Y

APP!,} " to (£) extend @) t the left. Qim:{ar‘l_y‘ apply 5" to (g om extend
4) star from STX—=Z"Y 52 (YYox) > 2MXx
[Coo] Let X2 Y— 2 be a cofiber seq in the stable homotopy cat, them for anmy

W, the se¢ ...—>LCLx,Wh,—[2,w], = LY,W], =X W], — =« s exact,

pt: By above Comstruction, we have seq s+. all three terms are cofiber segs
. o SIX—SY S5 Sz S I X e )
Apply [-, w3 we obtain
v [EMy W] = [£'2, W= LY, WIS W]— ~ &)
Since for any W, to{ihr sey mduces exact [YU.;Cx,W] —[Y,wl ...;[_x,w]}

We hwe Seq (3 s exact.
Since LY, Wwl=LY,W], , we Tewrite exact seg )

R E xJW]n-H - [z‘)w-]n = EYJW]H = Lxrw]h R

which is what we tegquire.



CRwmk ] Wh.a LM wiz LYWl ?

=" YY) = Yo-m T is inverie o+ S™M so
(E"E Yoem -

Then [£7Y) Wl={ i @Y= Ynem — Wv} =LY, W-Tn

(prop] Let XHY1,2 be a cofiber seqg m stable homotopy Cat. For any W,
the seg - = [W,X1n = [W,Y1, = [W,Z], = (W, X]Wi =

is exact,
Pf: The seg is equiv o

= Lw, £%] = [w, &)= [w, 572)- -
Which is induced "3 I EXDIENY 5 2 S ™ — -

Hence it su{{ices to shew [W,x15 [WYI =S LW, 2] is exact,

Since the composition X=>Z is ndl, we have [W,x]—LW, 2] is 2er0 map.

Then we w.t.s. any pmap 9g:W-2Y e[wy] s+ igis wdl s a image of fo-.
Since g s null, there exists a ho»wfopy hwxl —=Z with h(-,0)292 and h¢-, 0=
So h induces map h: W"I/wu —7,, e, hi CW— Z, with CW= WxI/wx 1«

Consider the following comm diagram :
x £,y ts2 Bosx —5Y

) where 1 is constnucted as following:

ol Ta Th Ij TZ& Rh: c J_;S_,x festricts w ’tﬁ
W S pwetoew —; sw—> SW P LW icts on Wxio} /s
s

A Rig =0 since ki:o. So Rh induces
Wx$o}

& map Ji= bk CWfwxigywg — 5 X
e, §: W -5X Sw

Since 5, ¢ an €uiv, we have S"j:W—> X . fo = <9, we ind the
Pre-'maﬂe. af VE

[Rmk] There is an qun_w de{iniﬁon of Cofiber seq’s. A seq X—=YY—>22 s a
cofiber seq if X—=2 s null and - = [ X, W1 > [2,W3In = [, Wi, — [X, W]~
iS e xact - Duallg,a fiber seq Com be dcfineol as seg X>Y—=2 st X—>2Z s

null map and - —LW, XTn = LW, YIn = [W, 2] = s exact. Therefore,

the prop that cofiber seq both swfirfyhg two ¢eg’s are exact leading to fthe
Statement C'f

iber seq and fiber ceq coe the same n the siable homotopy tat .

& Spmier — Whitehead Dua.l.ify

*Notation : We alwaﬁs denste S*X as its base space X. 9., §° abo
denotes 5%S° =:§ dhe sphae. spectvum.

oaAlim\gh, we haven’t Constructed, we assume thet -ﬂ,r ony objects X, Y in
Stable hamatopy Cat, there exists a smash product XA\ catisfyin :

J
® I spectrum FCx () st CWAX, Y11= LW, FCX YT for ¥ wesmble ‘mmw'topy Cact.




® XAS® and S°AX are canonicadly iso to X.

® smash products is associative and commutative, ie, for ¥ X,Y,2 3 Canonical ico
XaAY=YAX , (XAY)AZ 2 xa(YA2).

@ smash product A preserves cofiber sequences.

Coefl Let X be an obj in stoble homotopy caz. A dmLaf X is an obj Y equipped with
maps  e:RAY —S8° N:S°—>YAX s.t. the compositions :

xnS® 1M, XAYAX AL, OAX

SAY ML, YAXAY 288, yAs®
are the canonical iso.

[Rmk] 4. This canonical is0s ore sometimes called ‘the identity”.

2. This definition make sense in ony monvidel cat , which admiis an
associative and commutative. mudtiplication .

3, We find this definition quite similar tv clefinition aF adjoint function.
Actually, the adjoint functors from a cat to itself is the same data as olual objs
in the et of functors from a cat tv itself .

k. Very similar o the pmf of ad foint functors, we hawe : if Y is e dual of X
then X s a dwlof Y.

Cpropd Duals ave unigue . More explic:rlj, the dual of X if exists, is F(x,s°),

| CFact) If Y is dual to X, then for VW,2, the wmap

)
CaAY, w1 L—A_X,—__A‘_Q_’ L 2AYAX ,W/\YJ[:\L"[Z': WA X3 ‘S an (so,

vy dqu_pf X, then X is dual of Y. Switch X anel Y in the LFact], we
howe [(ZAX, W] —[2AXAY,WAYI—LZ, WAY] (¢ cu iso.

Jet W=S° in above mops , we obtain (2AX,8°]1x=C2,Y1 ,V2.

Then L2, F (X,5°)] = L2AX, 821 =L2,Y] . By Yoneda lemma, we have
Y= F(x,s8°).

=

Since dual is unigue , we write DX fvr the olual of X. DX is codled
the Spanier — White head dual of X.

CRmEID'X + X .

[Propl D is a contravarient functor on the subeat of dualizable objects,

PF; Let X, X2 be dualizable objs and f:X,—>Xa be a mor in the stable
homotopy cat . Then CDXa, DX 3 =[0Xs, s°ADX.] = [ PX. AX\, 5°]



= [ X ADXa, s°] = [ %Xi, F(DPXa,8%)] = [ X1, DIOXa)) = [ ¥, X, ]

Hence, 3 f'eCox.,D%J corvesponds to fe L X, Xa]. Evewy step precerves
Composition, So D is & contravariant functor.

[Def] A CW spectrum is finite if it has a finite number of stable cefls.
The goa.{ of the +est Pa-r'b is ‘o show:
[Thm] Let X be a finite CW spectrum. The dual of X exists.

[Gmstructimllet AC X be an inclusion Of CW spectra. The mep A—X induces
o map of cohomolpgy theory [XAC-),5°]—[AAC-),5°] a5 fllowing:
FOX,X) is naturad for X,%. So A—X induces a map F(X,5°)5> F(A,s°),

[Lxa(-),82] =L—, F(X, $9)] i-—> L -, FA s°)]=CAnc, 8°]
[Lemmo] F(X/A,S°)=5"F(A,S°)/F(X,s°) , i-e., iD(XA)= DA/ DX

pf: By Yonedo lemma, it suffices +o show W, F(x/a,s9] =[W, £ F(A,S°)/F(X,s°)], W,
F(x,5°)—F(A,S°) = F(A,S®)/F(x,s*) s a fiber seq, we extend it +to
lef+ by =" and just pick three derms ,which s o fiber sep:
2."F[A,S°)/F[x,sv) 25 F(x,5°) — F(A, s°)

Pick mop F(Xx/a,5°)— F(X,8°) whose image in F(A,S°) is wul,

S7F(A.5°) JE(x,8°) “> FX,5°) — F(A, 5°)

3‘.{"? S!f c.+. oli reuwn covmmmiy+
l:lx/A,s')/"' o =5

A- X — X/A = DBAD> XD 15 4 -f‘abet seq {or enclh 3 terms,

Cince A preserves COfibtr eq (same as {;ber seg ), we heowe f;ber seq
wBWALX > WAZSA > WAX/A—> WA X WAAS - it induces
exact seq:
= LWLFEX,59)] — LW, FLSA, 9] = LW FCXA, )] LW, F(X,5°)] — LW, F(A, $%)-
(] )

Lw, 3"FCx,s°] [w, S F(A,S9]
By map £: F(x/A) —> 3 'F(A,5% [E(x,3°), we have
Lw, 57FCx, s — LW, 57 FCA,59] 55 LW, FOva, 5] — LW, F(x,s%)] — LW, F(A, 57
l.’d* Jj"* X 1 £ l"’"" \l-i;
O =
Lw, £7Fex, 2] —> LW, S7FOASIT=> Lw, 27F(A5%) /rcxst)) = LW, FOX,S%)] — LW, F(A, 57

The bottom line is exact since ay[ Three torms of
TEOS) —> SF(A,5°) > ZFOAS Y rea > FOx, $°)— FOAS) are cofibor cep,



Then "Y 5 Llemma |, $ is iso.
CRwmk] Wlw o‘io{.gra,m_ @ avd @ ave co mwwindive 7
It suffices +0 show olingram

h

L
SYF(A,s°) — F(x/a,s°) F(x/a,s°) —> F(X,S%)
& U'. /‘ are commytes .

n\| SURA S FCx,8°)  ZTF(AS [ F(X,s%)

SF(A,s°) — F( x/a,s°) LI F(Xx,8) —>F(A,5°)
lf- s ¢ ;
N S-‘F(A'.S.J/ F(XJS.)/J Cﬁ S & -{LQ" S?l

se If, kst d:w comwmudes .
[Fact] A— X = Y:X()ch S & co‘fibcr seq s.t. A and X are dual:zAble, +hen
Y s dualizable and DY —=DX—>DA (s a fiber seq.

[Thm] Let X be a fimite CW spectrum. The dual of X exists.

pf: By N:s"AS 2" S e, g §°5 I'" 2 §TAS" , we hawe
Ds= s 8", D" has oual, so D™U;S" has dual where

§: 8"— D"' by above [Fuc+3- Hence by induction, finite (W complexes
have dual . Then DZX=%"DX . Then duals 0( finite spectra ex sy

8§ Alexander dua,l.ity
Assume X be a finite (W complex em bedded cellu/ar(y into 8" .

Let ACS"™X be o finite CW complex s3. A~S"-X.

LEXP) X=8"" with S —> ST Lee A= S¥ g gPt- - 5P
(2,0,@)) ~ 2,0Q)

[Pef 1 Define X %A := XxLou1IXA/v  where
X X, 1,0)~(2,,1,0)
called join of X and A .

AAA
[Rmk] AL t=o 1! %
Ap ¢:4 Xt gX assigh each acA an X

assign exch «€X an A

CFact] Jyoin XA can be expressed by push oul :
X xp —> CX*xA
CX:= X XI/X,‘_-[

J is the non—reduced
XxCA — X %A cone



[prop1 X A hmwtapy equiv to Z(XAA).

pf: We have commutetive dia\qrm.-

X — X VA —> A
id l l}d By take hornotopy pu.sh ot of oll rows, we We

Xé—XrA— A cof«'l»r seg e— P—> Z,(xa\A)

(R

* ¢—— x,\A —-—>*

With LE.S. of fber sgg %—>7—>5(XM) on Ty, we have 7= S(xAA)

nduces weak  homotopy egquiv. X, A are CW complexes, so ?—> SCXAA)
is homotopy equiv. On the other hand,

X xA —>A x xA—> AxCx
+he Puah ont L l 'S hom—o-t-apy eguiv o
X7 XXCA —> X*A

Co ?'_;_' X*A Tha‘e-f;-re X*A-—’ S(XM) S a ho»w-tvfy eQulv,
Th iwe {-vllow‘mg X,Y,2Z are specirum.

Fpvop) let Z be o spectrum onol Y be a f.’niie Spectre.. Then DYAZ =F(Y, Z)
pf: [X,DYAZI=LX,ZADY1= [XAY, 2] = Lx, F(Y,2)] = PIAZ = F(Y2)

(prop) 1o, F(Y,2)=LY, 23,
pf: LeFLY,2)=[S. F(Y, 2], = (&8, FlY,2)] = [ $,FCY, 2],

= [SAY, Z-\]r =LY, Z_.]r-

[propd Let Y be afinite spectrum. Suppose LY, HZTr=o for VreZ. Then Y2«
pf: C = co!im Cn iS f;u;fe , hence I n s Yw conhains Jepresentatives ’ﬁr all
stable cells. 3 a -f:ngte Subcom,olex k &Yu ctontaming all the chosen -representatives,
MK (s spectrum LE®k with (K7K),, = Ik, Since koY , we have
Sk €57"Y, =Ym , S0 there is an inclucion of cofmal subspectrum s"k— Y,

Sk XY ¢n stable homatopy cat.
CY,H2)rz0 and Ik Hurewicz

Wk, 2)2 Lk, A2y = 2K 2] EO=rRnmd Y 0 =0 ks
ZKEYp . So we an always assume k s:mfly connected

Lprop) If X is & CW complex, then Tir(XAHZ) = HAX2)
Pf: For any spectrum E, we have ErX= Ty (X AE)



[Thm) (Alexander duality) Let X be o finite CW complex embedded into S" s:t.

§"-X is homotopy cquiv to a finite CW complex. Then DX TE™"Ys"-x)

is an iso in dhe stable homotopy cat. Turthermore, for any spectrum E,
E'X % Epry (S"-X) and E Xz E""7(s"-X).

Y n=-r
H

LExp] Hr(X 2)— (S"-x,z)is an o, a

PF for Alexander duali'rg sPart1: Suppese we’ve proved DX’:‘:Z’“-{S"-X)J
e, a map DX —> £7M0(S"-x) (0 being ar iso,
Applg TwAE) . Mr(OXAE) E B (2 IE"-Xx) AE)

sul
T (FC%E) Er (£7(s"-x))
LX,Edr = E¥X "

E,. r (8"-Xx
So it's EYX = En-p (S"-X) 2. nar )
Switch §"-X and X, tand n-1-vr n @), we hwe E"(E"-x) x Er[xc)'

To show DX %= Z,'"'-')(S"—X)) H s“’{‘{."(e.s to show 3"A = F(X, S°)
5 an iso, since DX=F(X,8°), shxxz A .

Chact ] AAX;Z)— A-"™™'CA;2) s iso. CProof in lecture ¥, Propi.«)
Thus we @omplote the proof of Alexandar duality.

CPYopl z- A —s F(X,S5°) s an iso in stable homotopy caz .

Pf: To show this map is iso in stable homotopy cap, it suffices to show
it induces is0 on Ty . We have cafiber seq
8"""’A-°F(x,s°)-9¥= ECx,sHVC(S""A) - By L.E.S, af R, it su{fues
to show Tir Y=o for all r. Were shown Itf LY, HZ)r 20 for all +, then Y= 2.
Co to dhow MrY=o,Vr, it suffias to show LY, HZI =0, VY.
SM"MA — F(CX,8°) — Y s a cofiber seq
$4PPly D
DY - X —5 D4 s a coFiber eq
i -rHZ
DYAHZ — XAHZ—> DS A AHZ is a cofiber seg
$L.E.S. on T

.y
-tn-1 —+1Gr(DYAHZ,) = TLr( XAHZ)— TLr (D3, aAnH 2 .
e (D 57""A AHZ) ’ r(XAH2Z) ANHZ) —
i

EYI Hz]r &o I+ s“'Ff;CCS Yo show (% 80
for all r .



T XAHZ) = He(X ;2) and Tor [DS DA AHZ) = tr F (A, H2)
2 (2""AH2], = A (87a;2)= A" '(A 3 2)

So it suffices to W  TFAxX;2)— ACAI2) is 5o, which
is the CFact] .

§ Miyeh Duality

Recall : X is a finite CWeomplex. DX = 57" (g"-x) , Where X—>S" is any non-surj

embeddin‘q of X, and this embedd«'w always exists.

LConstruction] Since X—S" (s non-surj, we can femove a point in S* anol cclof

this point to X . Then we have X'=X4 and 8"-X'z 8"-X¢ = S™ p-X=R™x

So the formula becomes D(x+) = S VIR™-X) 25"V (D"-Xx) where D" is

the ppen n-disk in R,

Actually, with cofiber seg we can compute Z ™"’ (R"-X) . Concider cofiber sep
IR"- X — R" = L([R'-X)

Evtend it 1o loft we obtain cofiber 2 s™(R'-x) — £"R” — 3 "R x)
‘s also afiber sep. Hence i.’"'"’(lR"-X)-‘-?:-'"’“"/Z'”(ln"-xy=2'.'"'k7m"-x)
let N be any nb.h of X in R we have D(%,) == "(RIR-X))zE" Ng-x) -

(Thwm] Let X be a comperct »nf without boundar‘y, then D(X+) 2 Th(-Tx).

' CFactl If X is @ mf, then N can be .'den-t'.fy with D(NxIR")
and 3N identified with SCNx IR") . Such nbh. N is called tubular n.b.h.

Fact)
N/(N-X) & N/DN = D(NX’R“)/S(NxR“) = Th(NxR")
So DIX) = Z’-n(N/(N-X)) T & Th(NxR") = TR{NxR*- R") = Th(-Tx)
['Summag] We f;rst tewrite Alexander duality as D()(-p)s'z.'”(ﬂ//{"_x)), fepresented

by n.bh. af X. Then use tubular n.bh., we can rewrite D(X}) by Them space.
With Thom space, there are a lot of tools we an use, such as Thom iso thm.

[Fact ] (Thom iso thm) 1f V—> X is an orientable vect. bil. af tank n, then
there s a natural iso H*"(Thiv),2) 2H*(x;Z).

CRmk] One wey to think about Thom iso +hm is ;: |/ oriented = V behaves [‘ke
triviel bdl after taking cohomology, i.e., H™ (Thtv);2) 2 HY™¢Th(R") ; 2)

T A 5% 52) = R (X+i2) = H(XiZ)



fFactJ[Gm_gmliza,t«'onvf Thom iso thm) For any ab gp A, we have o
nat. iso H**" (Th(v);A) =H*(X;iA) when V is A-criented.

[ Fact]C&eneralization) For any spectrum E, we have a nat. iso
E**" Th(v) 2E*(X,) when \/ is E-priented.
LRmk] TIf V i3 E -orientable, cohomolog of Thiv) and X+ has velation.

L Thw] (Poincarw’ duality) et X be a Compact m-mf without boundar
and E is a spectrum s.t. Tx iS E-orientable. Then Eux(x4)sE"*(Xx4),

Pt:
g Excx.,.) - TL* ( x-'-/\E).:: [Z*SOJ X-#AE] - [So_) X*AE]’_
= [ S°AD(X%+) , E]r - f_DfX-e))E‘Jp

B x4y = E7Txe) =€ (50 2 7 T (T
:E-*D(X_,_) = [D(Y-r),E:‘,.. =2 E.(Xy)

Lkxpd If X is orientable compact «n-mj without bd ) then

Hol X532 = Fulxe;2) = H" (X4, 2) = HN(X52) . Poincord Puality

LNotation] D(-) means Ouality and D(-) means disk bdl.
[ Thm] (Atiyah dual.'w)

LI Xisa Compact mj with Boundarw X then ID(X/>x) = Th(-Tx)
2. If Xis a compact mf without boundary and V' is a sm vect. bdl,
then D(Thw) T Th (-Tx - V)

Cproaf ] Example runeated ?rojecrive Space is in Lecture /o)

é Generadized homolzgy

[ Construction] ( Natural abelian str o [X,Y].)

Given £,960%,Y]r, we have fVyelxvy¥,Y1- . With the
pinch map p: X = XvXx , we define f+q=Fvy)-Pelx,¥Y],
This wmakes L% Y]y 2 9rp. For example, §+c-§) =0 because

50X b, ssAXxv 557X Sved, 22X s mall.



X= EMX » S0 we can Ppinch almj different suspensjon coordinate-
With Eckmann- Hilton arqument, these operations are the same.

[Faof] CECkmauh—Hl'Lbﬂ) Su":ose X is a set equipped with two Bi'na»:y
operations + and * sit. each opetion has an identity and for Vab,c ,deX

we have (athy*(ctd)=(axc)+(brd). Then 1 and ¥ owe egual and
both commutative ano associote.

Def] Let E be o spectrum. The gemernlized E -homology of degree + is the

functor from stable homotopy cat to abelian grps
Xl‘—’ E*(X) 8 TB“[EAX)

[bef3 A generalized teduced homology 'fhem:y on based (W -complexes is a
sequence of functors hy i hoCWy —Ab from the hamotopy cat of CW-complexes

equipped with a base point to abelian 9rps for *eZ st
1. Theve are naturel bounolary maps he CX7Y) = h,,(Y) s.%.

bop = ;;LY)—-)';\’*(X) — Z;(X/Y) ""ﬁx-l (A) — "
is exact for each CW pair (X,Y),
2. The maP % m[xa)—) z;(“\éAXa) (s an (so.

CRmk] Generalized teduced homology theory he on basetl CW -complexes
Can be i:,('f'&nded to & functor on von-based CW —Complexes by
S&'lﬁ:\ﬁ ha(X) = ker (W*CX.;)_’TI*(S")). This extend ‘\Waloay on based CW conpl'.v

is iso to the old. Indeed, a choice a‘{ (W complex &> a map $°— X +

ick oy b inti ~ ~ ~ ~

PC::QAQQ\CD;: ¥ & he (Xe)= R (X vS®) = hyW(X)® hulS)

- This decomposition depesds o
XVS® so depwds on map $°_s%4

for X be a based (W complex, Tu(X)=Ker (hul Xy ) —>hulS))
= ker ( he(x) ®hu(s) — hu(89) = hu (X)
Cpropl The functors hoCWy —> Ab defined by X Ex(2%X) defines a
9enerajized feduced homolegy theory for VE in stable bomotopy  cat; .
P{: For CW pair, we have XULY =X/ 0 ZY—> 53y — T*y/y /s a
Cofber seq . Apply En- , we obtain cofiber seq

EATEY 2 EAS®X—> EA(E¥X/Y).

Consider L.E.S, arf above f-‘bcr seq, We howe
ver = Ok ( EAS®Y) D u (EAL™X) = Toy (EATX/N) =2 Thuq (EAZ?Y)—

bey, LLES. Ll 5 T (Y) = I (X) = hnCXY) = M (1) = proved ).



Since EACYXe) = V (ENXL), we have En(YXa):2 Ton QY (EA Xa))
by applying TLx .
Tx (V, (EA Xa)) = Golim Tone Q(/&szx.))n _ An element in Tnen Y, (EAX)

s a map s"*".——;oa\e{\( EAXJy - Since S™* is compact, the image

of- Sm*-——PaX\(E"X-Jn [ies in a\é.(EAX‘)n for some finite A’
Similarly, $"™* x1 s aho wmpuct, amd the mage S™"xL-> ¥ (EAX),
Lies in u\éA"(EAX“)" Hr some A" finite. Therefure.,

Tneu (\.{AEI\X“))" = Cg.gx‘ TLn+ *(,)‘/A' (EAx“)n) , Where the colimit is
faken over finite set A'of A. Thus, we have

Eae( XA Xa) colim Colim s *(A\G/A' (E’\Xo,)n ) = %L‘x c:{,:: Lne *(‘\\ﬁ/A' (E/\Xa.)n )

N0 plca

- ] \% = i (EN = Coli Eew = *
-chQX‘ Tw (Y, EAXa)) %’a’& DMLx (EAXa) Colim @, Eul(Xa) = @ Eu(Xa)

Actually, the inverse of above Bprop] is also True.

[Thm] let E be a spectrum and hu be o gemeralizer reduced homolagy th eory.
f;E,‘ —h, is & map af lﬂvmology *‘nem:y Then 3 SPecrmm~F with (so

Fe 2he and a map £ F with induced map Ex = FRezhy s S,

CRmK] This [Thim] shows any goneralized teduced hama@y e can be expressed
by Fe for some Spectrum F.

CFact] Let A be an ab 9rp ane{ HA be £-’/¢nber3-/\ﬁaclane spectrum . There is a
nat iso between Sinjular reduced hamato\gs/ with coeffec'rent.s in A and
the generalized homology of HA :

HAY X ¥ HxC X A)
On the left hanl sicle, we may choose any 0 simplex of X as base pt to
take the suspension spectrum.



& Spectrul, scquence

[D&{’] A di{fcrgnﬁal g'p (E,d) is a 3rp together with & mor diE—>E with d'=o,
The homology HIE,d) of (Ed) is H(Ed)= kerd/Imd.

CRnk1 Similarly we oan define oliffevential alg, oifferential module, olif fevential vect. sace.

[D&f] A Spettra.l % is a seg af dif{arutid grps (En,dn) for n3a¢or 1 or 0) s.t.
En = H(En-1, dn-y) .

[RmK] Lt’s ‘one-term -version” Seme SFecfml g . Serre spectral sag EPI— 202 terms
spectral seg Ep ¢~ only one ierm .

[Rmk] Specwal sey is useful when E, can be computed and En’s stabilize to some I
that we wish to compute .

[Construction] Spectral seg assotiated tv an exact couple) An exact couple is a pair
E,F of gps and a dia\grum F—F which s exact. let d=3k , then

k
£ J

d'=jhjk =jokzo. So (End) is @ differential grp.  Now the goad is to comstnuct

an exact couple fmm the old . Let E = H(E,d). We want o fnd other terms

in exact Couple :'\_,; . R kiR, —F 0 Rijkz=o we find Rjkeo,
' oy
E

so let k, be k:kerik/tmp—>F . Imkz=Ink = {&f| fekerik/tminf= (R | iRf=0}

:kerjnlmk.=1m'{\1 R
So ImkzImkcImi. Since Fi 2 Imk, , we can sei F = Imi and 1',=ilzmi. s

keri, =F N keri = ImiNkeri = ImiNnlmk=1Imk= ImR, . So s exact ot left F, .

Imy 2hwi, 7. kerg, = Imi, :{il.ﬂ’&eff b J i z0.
k\ L, Since  jizo, we can set J,=J3 where i’ means preimage
,‘ajk/lnsg of wap i:F —F . Check j, is Well'de{-'ncﬂl.- 3.9:98°9 . Suppose
£ f6f, of, = ify =g P il f)z0m T-fiekeri=lmk 2 3f-if= Ji-f,) < Im ik
kerg, = { 8€Imi| 3i'9=0} = {9¢eIm;| 2F°€F vifed, Spicy }={5elmi | a5erntr, 9=i '}
=19€Im3| 3f' € Imi | Szig’j =$9¢Imz, } =Imi,. Se itseuct at Tight ¢
Similar@ kerk= Im3, .
This diagram is exact, so it’s an exout couple, also called the clerived couple.
Repeating this process, we obtein a spectred Seq ( En,Cln)

Whats the terms rf spectral seq associated to exact couple explicitly?
Rn=R, in= ian ’ f’":ji‘" J FazIm3” ’ En= H(En-1, dn-1) , On= jnk.



Next, we come to other construction 0f specfva/ seg- We firet S*ud'y
what’s convergence. Naively, (En,0n) converges to grp A if En=A for
sufficiently large n. But it's not sufficiently general o be useful.

let A be a filtered Grp with filtmtion ---c F,Ac {, AC " where ne2.
Assume UF.A=A and NF.A=0.

CDef 1 The associated graded of a filtered grp A s A =C;l,9 3. A/TA

CDefd If (En,dn) are graded , we say (Enjch) Converges to A, (En,dn) A,
(f for each hom.agenous -Piece (En)P J it smb.’l-’Ze to the associated gMdea/
of A, i€, (Balp= T, Algp .

CRmkI (En,dn) > A is not only gvp Ew=A, but an!y converge in
5"&0(,601 level — the 3mda( must also converges 1o graded of A ,
which is A=@K A/FRA .

LRmkI We oly define  graded case, the bigraded case (s the same.

Next, we Il construct spectral seq {rom double complex.

['.Def] A cbuble complex is a bunch of grps AP for Paez,, and
lifferentials d: A% —> A" 2, d': AP — AV st dd'=d'd or old'=-dd.

LRmk] For two cases commuted anii- ommute, we can go fom one
to the other by changing d'to en’d . O

Assume oo'=-d'd .

[Def] Define TotA™* to be the differential graded grp Tot A™"

AR AT
with differential D= d+ad’,

="

[Prop) There are two natural cpectral seq’s associoted to double complex
and both converge to H(Tot A®*, D).

The -Follow'mj we'll show this.

CConstruction] (Spectral seq Gssociated tvo double asmplex )
Define a filtration T := R Tot A" = ® AP2 st D:R T, .
There a2 short exact seg’s Hor each n: P
0>Fn— For— Fou /B —0
. $LES on Hs
=l H«(%)L H.’f('Fhﬂ)L H; [%,/‘:n)é.-: Hiy (Fn) =~ &Y
The idea is Construct an exact cowdle b (1) and then obtain a
Spectral seq .



Eg_uivalent"t,, (1) an be rewritten as Ha (%) — Hse(Fon) , which

looks os exact couple ! '&\
foﬁ,./g )

This motivates us to defne F=@H,,F , E=@Hna(%/5.) .
Define i, 3., ki using maps from L.E.5. :

X J L4
(Ddef-ne A %HH! :Fp—> ?iHng_% E’ darta HP’Q.:FP fm HP*Q.;PH 5
P
@define Jl: 91“?*9.11., _— 'f.;Hm (g/g-') éy olata HH! (?;)'?’_”} prg(glﬁ.‘)
-1

® define k. : g"'m (% §,..)— P; Hpal%) by data Hes (%/7,.) L, Hapg., (F..)

Since (1) s exact Aads :
i ) i > ""\& /i s an exact coufle.
]

There is another spectral seq obtained by switching the voles of p and g in the definition
of filirationjie, T .= F, TotA"* =@ APe & F, :=1G‘9”A"a leads to two spectral s

Psn

pages in lecture 1.  show this two speciral Seq converges 1o the same Jp.

SCMF!” K- -fheoy

Notation: X is a f{inite CW—complex. Let Vect(Xx) be the set of iso classes
of omplex vector bdls on X. @ is the bvh.‘tnej sum , an operation on Vece(X),

[befl k(%) = $LV, W) €Vect(x) xVe.ct(X)}/'u where (,w) ~cv,w) ff
VO WU 2V'aWdU for some €& Vect(X). The operation @ s
(v,w)@ (v, w')= (vev, wew') .

CRwk]1. We can think (L, W) as “V-W" .
2. K%UX) can alko be defined by universal prop. (K(X), §:Vect(x)— k°(x)
is @ pair, where f sends ® on Vect(X) to gvp operation on K(X) ¢.t.
for oy 9:iVect(x) = K Sendir:? @ to grp operation on Kk, Al h sz

Vect( x )-'L>k_°(x)

DT

Cprop] For V,Welect(X), V=W in k°(X) &> 3In sz Ve " *WeLC” where
C denotes +rivial bdl on X

dc'AJ rom commutes,

P Since V2W in K°(X), JUeVect(X) st. VOU=WOU. X is compact, sp
2 a finite cover {ZL.} of X sit.ower each Y; U—X is a trivial boll
U x "= U; , ey Uixg® LN " injactively, fU *@”f is a cowering



of U, so I partitimn of unity @ —> @" with Se:=id, suppes uix L7
Then §:=5. ;0 :U—>L" /s a map -'njwiveg, Lhoose inner procuct on _d_:")
the injection U s splivie, uUekerfz & .

veuzweUu 2K veua krfsweuekert ie., veL zwec’

CRmkT (VW) =V, W) = 3 ¢y, v@WDUE VOW®OU. 3U'st Vel a2V
So vOW®C =y'aWwerN.

Lprop] Every element of K(X) can be tepresented as (VL") .

pf: For amy (V,W) € k°(X), by e same argquement above, IW's.t.
Wew' =€V for some N. Sne VOLC"E WBWeoW. we howe

v, w)=(vew', &%)

Clrol For V,W eVect (X) determine same class in k(X), there (s
ZTh(V)25"Th(W) in the stable homotopy theory -

Pf: V=W in K°(X), then 3n st VOL"= WAL by tpropl.

Apply Th(-) , we have Th(vedL) < Th(wed L") , ey, SThiv) =57 Thiw),
Apply 2-) ,we have 3V Th(V) 57 Thiw) , ie., SM*THY) =52 Thew),
5> Thiv) ord S°Th(W) hove same spaces. The str wap of“i-“)(" are
fdmiiy,SO S7Th(v) &Z“Th(W) have same St mop. So S*ThV=3” ThW.

[Construction] (Thom spectrum Th(V, wr) Llet (,w)ek°x). Choose (V. ")
st. (yw)=Cv,¢g") . Define Th(V, W) := 5,"* Thev?"). Its well —olefined.
Indeed, if (V, £ =(\i, &™) in K(X), then V OL™x y ggm. Apply The-,

SM Th(V) = 2™ ThiVa) , i-e., SI* ' Th(V) X 572" Thi).

[Consfmcﬁm](ContravariM‘t k°t-) ) f:X=Y is a map af spaces, then we

defive koY) —KUX)  where §*V s +the pullback of X along F.
(V;Q’)l—-) gt*V

L Constructiond (reduced k°, k®) The teduced K® of X, 'E"[X), is odefined as

either a sul{gr,o af k°(x) consists of (W) that v, W have the same roank .
OF Keo(X)= Vect(X)/o where VaW iff 3nm st v@l"=weaL"

[Construction] (k- theory)  For n>o, k™(x)=K°(S"AXy) . For n<o, we can
use Bott Pariodfci15 K%)= k"2 (X).

g ko theory
Notation: VecttX' be the teal vector bdls over X .



[Def1 kO°(x) is the initiel grp feceiving & map from Vect(x) which sends &
to 9rp operation on ko°tXx) .-

C Propl For (v WIek0(X), 3V, R" s.t. (VW)= (v, IR"),
Llonstruction]CThom spectrum Tht,w)). Write (L w) = (V> IR") Define
ThlV,W) = 7" ThiV') be an object m stable homotopy cat, w here

Th(v) is Spectrum S”Th(Vv'). o

Simi,m\'j, let KO'(X)=1K0°(S"A X+) for n>o. I+ extends o Minus
n bcvj real version o][ Bott period,-'c'l\'y ko"(x) = ko "t x) .



