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*[pef (filtered space) A {iltered space is a Haus dor ff topo space X
foge;l'her with a seq. of closed subspaces
X=xX"2x"'2 - 2X1=4

X': i-th skeleton -y connected omponen t of X'-x"1. stratum 5
X"-X"": tregular stratum ; index i : formal olimensions X"* =28 T

[Rmk] 1. X' s always i-dimengion singulari-ries
Ly Xl" X‘=IR"2X1=l.Ulz ?-X':lgva!:a ?-x-d-"'Q

(2 1-cdlim Sina. o-olim sing.

2 - Formal dimension can nos equal +o +opo odhim .

eg  (subspace filiration) (Analeg to subspace +opolagy )
YeX , Y2x"'2 - 2 x°2x1t4

we ofef;ne YXY ww Y2y o 2y7y
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We believe its a natural way o give sibspace  filtvation for Y.

i-simplex o in 3enera( pesition of stratum S i-f
oim (N S) sdimia) +dim(S) -n

(homolo A ous)

lSimplicial Complexl’_‘.’ man;fo [ol = Lt's possible to move "o~ 10 be
n generel position with &

[Exp]

(S) (=) Araremceaa
- Sirato: §,=T*- %
S}_: *
6~ is an i-simplex in picture..
v in general position with S,=% & we have dim(eNs,) s dim@)+ clim(S2) -7

dim&:—“ - 11'0-2- =—i
& *&ao

we Can alw@s move o~ not containing fxi

But for pinched torus , it’s impossible to wmove o ot containing |
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Ert 181G %, pinched +orus F 69 o SEM AT Fid] $EIF S »
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Coef3 (Pexvers'.w) X : filtered sp of formal dim n
- = § strata of X} A perversityon X is @ function
F:F—2 st pIs)=0 if Scx-2x,
e, if Sis a V@ulo.r stratum =

CDef1 X: simplicial filtered sp with perversity
Ca(x) - Chain complex of X
i- simplex o is cotlled F-albwable if

dim(o-NS) < i- codim(S) + p(s), ¥V stratum § of X
topo dim formal clim.

[Deﬂ A chain $€C(;(X) is p-allowable if Vsimph'ces of 4 and 24
are §-allowable.

1PC.(x) = {4cCi(x)|£ s p-allowable}

CRmk] £e TP Ci(X), Vsimplex in 0% angl 2%=0 are p-allowable.
So 28 €IPLi(X) . So (Gelk), ) vestricts to chain complex
(I'-’C»(x), d)

CPefT IPHA™00) 1= Ha (2% 400
(RmkIWe come back to the Question: Why P(S)=0 for regular stratum S?P
let Sp be any feqular  Siratum . The condition of Simplex = be ing

F-—u(loWabk with Sp s a(imla'nsg)si-(oo(im3‘+ﬁl~§) zi-0to=, .
Alwmfs holols !

(17{9)-_0 means we Wwant *eau.lu stratum be veccum ﬁr simplex )



T@g ZF simplicial imtersection homology 69120 % .

[Exp1] perversity 233 intersection homolagy BGR)IE + 1.8 4274 ¢
% Pluy) R L83 AL , intersection homology R# =% 128 . |

Va

X= p ¥|2>s° ax_'.
Wy, ot
For ¥ 0-simplex v
dm (VN ) g dimv+odimy, - n +p (Vo)
=0+0-1+p(%) =p(ve) — 3
P-allowable 0 - simplex {Vo,v,,v, Plve)>1
i, Va Plw) <1

For V :[_—s':m{))ex e
dimienve)cdim e *dimVo-m 1P o) =1 +0-1+F(ve) = P(W)

Lo Ve, L, Ml LIV, ] P lw 2o

P allb wable 1- simPlex{
Cv,V2] P (Vo) <0

) PW)>1  TPHL(X) =Ha(X)
() Plu) <o IPH.(X) = HJ‘& “)
Gi) Bewyzo  TPH,(x)=2
1P H.(x) =2, (IP Gex) € CelX) )
Cycles in IFC.[x) (omes from C+CX)

CExp] Filtration impacis intersection ho mology

v
AN SR S
X.:_ < el - 9V, V2 —
® Yi Sin&u]ar stratum Vo, Vi, Vo

Plvi)=o0

¥ o-Smplex v |, ohim(vnvi) S 0+0-2 +P(y;) = -1
s



= all o-simplex not allowable

V 1-simplex e , dim (€NVi) € d+0-1+PlVi)=0 aloays hold s

So IFH.(X)=0, IPH,(X)=2

[Exp] Subclivision imPac-fs intersection homongy

Vo
X= Vﬁw Y- X'2X=fw, v, n}2X"=6
v, u V, e
0 B (Vi) =0

olimvnvi) -1 —= allowable 0-simplexes: vs, i, -

d'm[e,\vi) <0 G 'Y 5(“ 1- S;MPleXeS are a.[bwabfe

7 H(X)=2 ,1°Ho(X)=2

CRmk] 41 1288 : perversity orlif] deyree n $R1Q1%. . G 1 4 844443, 422 % - 4
Perversity 243 64 per versty A% Ap-4 perversity. BEE, INE L olual perversity :

More generally, if X is any R-oriented locally (p; R)-torsion-free n-dimensional stratified
pseudomanifold, we have a Poincaré duality isomorphism

D : I;H.(X;R) — IPPH,_i(X; R),

12 degree t % #31%y, perversity b 4 3%.



PL Intersection homolqjy

ﬁ.‘fi]#‘,ii PL homolt{gy,ﬁiﬁl PL intersection homol@‘y.

Recall simr'icial complex by example :
fExP] k':A / kz=A are s;mPlicial complex,
\|<.l’-—|l<:_|=A is topo Space

[Pef]The simplicial complex K' s a subdivision o{ k i‘fﬁ) [I=(i'|
LY simplex a'F k' € in some Smplex o-f k.

[De{J(Trianaulabion) A triw[guluzian T O’f & topo sp Xis a ‘poir T:-(k,ll)
k: loally finite simplicial complex

h:[k|>X be a homepmorphism.

oef] Let T=Ck,h), S=(L.,]) be two Ariangu lations.
—['—'(k)h)’\' S=[L.]) () j-'/l 'S simpl.icial (So

(0ef3 (PL space) A PL Space is a topo sp X
With ’T;{I,Caly finite triangulations j s.t.

1) VTe T, subdivisjon o{ T contained in 7T

W) yT,3e¢T, T,5 has common refinement.
% T=(k,h) , S=(L,l). B.Scubolivisan T'=(k', k) °IT ,

T subdivision S':(L’)[) o] S ot. ['h:k'—L iso.

(Gonstruction ]  T=(k,R) , S=(L,L) €T
TsS <= S euv to a subdivision of T
CEuct] (T, s) is a olirected set.



[oefl G, (X) = LimGT(X) , where (7 (X)=Culk) for T= Ck k)
Tér

CRmkY @ (14 GCx) has concrete construction

‘I'efr
Li,',n C.:(X)= UC:[X)/fv wheve .g~7e=>~gam(
TeT Ter

maps to same

"mege in Limcly

Ter
Let [£] denote the equiv. class.

@ [£]- [Vl] uff their image &gree in some common subdivision

e.9.
@ @ @ are same elements in C‘:(X)

(DX is a PL space with osmissible triangulations T

let To=(k,h) €T andf bt To =ITET] T subdivisio g To}

e G s Lm GT0x) = b 70X

Te7T TeT,

CDeflX . PL space. Dé]cine Lulx)= H*(C“i (X))

EDe'l[] X: PL fllfereol Sp s-t. I/ skeleten X'. IS a Subcomplex
of any admissible 1riangulation

= . p rGm,T P GN)T(X "—"IF GM(“('
Dc{'me IPCJ*[XJ;_'I_-;—V%'_ IPG™'(x) , where 1 (e ) )

CRmk] : Skeleton Can inhevit 17 M\yulm‘ion {rom X
wir.t. any admissible "ria@ulaﬂon.



[ Rmk ] f;l‘rmﬁon& parversity O‘f X can " move to” K] by homeo k.
CRact] T<T' subdivision chain mep V: C;(x)ﬂ’C;'(X)
restricts to « map V- li[f”'T(x) — IPC"T(x)

Coef1 TPGM (%) = Ha (PPEE"0x)) = Limg Ha (TP G ))

Ter
= lim IT’ HiM'T [)()
Ter

Cprop] Let 46 Cz:’[)() ,

4e 1P C(x) = [ Aim(1£10S) < i- codimS + B(S) for V stradum S ofX
dim(1341n§) <i-1 —codimS + F(S )

Eoef'l Lck. Lis called full subcom,o(e;q i

Vooek with vertices inl. = ocl

CExPY k - ‘@ , L=/ Lis NoT fu subemplex af K.
EDe(:J CFull triamgulation) An addmissible driangulation T of PL
filtered Space X is colled ful ﬂ;aquu[aizm if
vx' s Ful sub comple x G)CX.

CThm] X : PL filtered space .

T full triangulation.

‘T':any subd: vision of T.
Then TP CfM’T—> It CfM'T.(X) 'S an iSO

Clove] T° G5'(X) = Hu (TP &2%(x) )
':H*([_'.';' IFCyGM’T(Y))

TE Ta

= Ho (2P G8(x))

P HT(x)



Qingular homolo‘ﬂ_
Coef3 X : filtered space with gemeral perversityP

Su(X): Sngular chain complex of X ,ie., i(x)=§al—s X3
A singubr ;-simplex &:A'— x is called B-allowable f

TSI { i codimls) 1 pUs)) — skeleton of &7 f $= all strate Sof %

A chain £e S;[¥%) is p-allwable f all af the simplices in 4 anol
of the simplices of 9% are P-allounble .
Let TP 6Mry) = {4 €Su(x)| £ is p-allwble?

Define  sinqular intersection homology IPHS'(X) = Ho (T S.5M(x) )

CEpd (Singular homolpgy 14 #a simplicial homo logy 29 i)
X is a simplicial {;I’rered space, and the singular Simplex o <X s
mclusion, QY e(S)= NS. T4 dm(es)) <si-codim(S)+Bcs)
k24 JF dw~(ens) ci-codimS 4 pls)

Theorem 5.4.2 Let X be a PL filtered space with triangulation T, and let W C X be an
open subset of X such that W is a PL CS set. Then the composition

_ -1 _ _
PsMw:G) L P e™MT (w. ) L H,(1Pe™MW: G))

is an isomorphism. In particular, I’ §SM(W; G) = I? HSM(W; G), and if X is a PL CS set
then I M (X, G) = IPHSM(X; G).



Big picture

: o simplicidl — = Sinqular
Rela:l,:ons/z/p s:mphaalﬁ" PL g 9 :
f‘V'iMJulxt:on '|"'i°-'3u lotion

(Thm 5. 4.2 in Ref)
235 Intersection homa[yy , z:'f'_ yd-%é gg%{#;_ﬁ "‘i”f'%.:l E, .g‘
432) #4137 6) L3¢ .

€9 orolinay hamalagy
£ XY is a homﬁapy equiy,

then -F*; Hx (X) E—b H-x (Y)

PL interSection homology

f:X——)Y S a_ Stmtififd L\omoiapy QQuiv
avol  B(S) = 4, (T) of F()<c T.
Then { induces

IPHICY) = TIHEM(Y)

CRmk] For more pProps,see Ch48RS in Pe-f.

[Rmk] 42 ordinar Singular homolggy %4rA, Singular intersection
homeology s not JeaSy to wmpute by hand. & b i-};@ singular

inter Section hamalo\gy 84 ‘%Q{iﬁ] +ools [ike “1nterse clim version
of /\M.yer sel"see Ch& Ref .

Non GM interse ction homol@ﬂ

[Exp] X : compact (n-1)-climensional filtered space
and assume X has Tegular strata
o i2N V-1, i¥d
PHr (cX)s 12 ic 02 n-p(iv1) -1
IPHE(%) i< n-pivi)-1

"1-P(w1) .
RN 2| i=0




n-1-p(p1)
PRE"x) 2| i=0

) >P (1)

S Pvi) w18 1A i=n-1-BONRR | izn-1-FD) IPH; o,
i<n-1-Pesvp= TPHM(X) $e8d TAE POv) B % , £ A Fdishl o -
AXTEMERT, Bp Plivh =n—184, 2 $4 N oFd 7 45 FFE RHEBELFE o
/'féi £ off N EFR 2.

It suggests that GM intersection h‘”""lfj)' done well fvﬁsma”,ﬁ , but
not vight for "laqge"ﬁ !

[Exp] This example show you why GM interseciion homolegy is
not :rijht " homolyy 'rhwy.

M: n-dim 3-mf withomzp.
Mtz M U C@M) with come pt v,

Py = H; (m,2M) i>n-Bl§vp) -1
' = 1 Im(Him) = Hi(M,om)) izn-plivy) -1
Hi( M) i< N-P(3) -1

WA VGRTR (B e
|=y'|.-P -

eebsolute ho mology g'p

HPE) R4 £, 0] KA BA4FA degree 0 4 %% relative homolegy Eehavior
ok 7 HE 3K
[Idea] 2N\ BIA Non &M intersection hamobay
e Behavior wpre like relative g

o Agra with @M intergettion hOMOlO'jy for smal( P"Véfs'i}’

A, B h& S 6] simplex
/38, BH L AES(X,2iq) ¥ EO.



[oef] Let ST(X3G) €Si(X5§) generated by F-allowable
i simplex ¢ with support Il 151 .
CPefl 4¢- = . -1y’ 3
\Gl¢-2x
[Rmk1 56 is obtained from 20 by throwing owt the simplices with

image in 2.,

[bef] Let IPSi(xi6) = {4€ ST (x;6)) B e ST, (x56) | .
(IFS;(X,‘a) ,3) 'S a chain comp lex , andl then we define
non-GM intersection homology TP H (X i4)=Hy (1% Su(X;4)) .
[Amk1 2y Smplicial 5PL inteysection howology A% fthfgZw.



