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Test for Positive Definiteness

Here is the main theorem on positive definiteness:

Theorem

Each of the following tests is a necessary and sufficient condition for the
real symmetric matrix A to be positive definite:

(1) xTAx > 0 for all nonzero real vectors x.

(1) All the eigenvalues of A satisfy A; > 0.

(1) All the upper left submatrices A, (/7 i~ =T %£ %) have positive
determinants.

(IV) All the pivots (without row exchanges) satisfy d; > 0.

Theorem

The symmetric matrix A is positive definite if and only if (V) There is a
matrix R with independent columns such that A = RTR.
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Semidefinite Matrices

The tests for semidefiniteness will relax x’Ax > 0,4 > 0,d > 0, and
det > 0, to allow zeros to appear.

Theorem

Each of the following tests is a necessary and sufficient condition for the
real symmetric matrix A to be positive semidefinite:

(I xTAx > 0 for all nonzero real vectors x(this defines positive
semidefinite).
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All the eigenvalues of A satisfy A; > 0.

No principal submatrices (£ #E %) have negative determinants.

)

)

V') No pivots are negative.

V') There is a matrix R, possibly with dependent columns, such that
A=RTR.
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